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Introduction

In [1] Atherton has asked whether the ideal topology (see [1]) is Hausdorff
on every distributive lattice. He also gave some sufficient conditions (Kent's
conditions cl and c3 [1]) under which the ideal topology on a complete distri-
butive lattice is Hausdorff. In this paper we determine some more classes of lattices
in which the ideal topology is Hausdorff and give examples to show that the classes
determined are independent even in a complete distributive lattice. We also show
by an example that Atherton's conditions are not necessary even in the case of
a complete distributive lattice.

We prove that a distributive lattice with 0 and 1 is a Boolean algebra if and
only if the set theoretic complement of every ultrafilter is a maximal ideal (see
theorem 1). We also prove that the ideal topology is Hausdroff on any lattice
in which either every completely irreducible ideal is principal or every completely
irreducible filter is principal (see theorem 7). Further we show that the ideal
topology is Hausdorff on every chain and on any distributive lattice which is
either disjunctive and atomistic or dual disjunctive and dual atomistic (see theo-
rems 6 and 8). We also observe that the ideal topology is Tt on any lattice (see
theorem 3).

It is well known that in a Boolean algebra the set theoretic complement
of a maximal ideal is an ultrafilter and vice versa. We show now in theorem 1
that this is a characteristic property of the Boolean algebra by proving that a
distributive lattice with 0 and 1 is a Boolean algebra if and only if the complement
of every maximal ideal is an ultrafilter.

THEOREM 1. Let Lbe a distributive lattice with 0 and 1. Then the follow-
ing statements are equivalent.

(i) L is a Boolean algebra.
(ii) Complement of every ultrafilter in Lis a maximal ideal.
(iii) Complement of every maximal ideal is an ultrafilter.
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(iv) Every prime filter is an ultrafilter.
(v) Every prime ideal is a maximal ideal.

PROOF.(i) =*• (ii), (iii), (iv), (v) are all obvious. Assume (ii). Let xeLand
let T(x) = {yeL\xny = 0} and D(x) = {yeL\x Uy = 1}. If T(x)nD(x)
# 0, then we are through. Suppose T(x) n D(x) = 0. It is easy to observe
that T(x) is an ideal and D(x) is a dual ideal of L. Now consider the family if
of all dual ideals F such that F 3 D(x) and F n T(x) = 0. Clearly D{x) s £f.
Applying Zorn's lemma we have a maximal element F of if. If x $ F then the
filter generated by F and x intersects T(x). Hence there is an element y e T(x)
such that j i / n x for some feF. Now 0 = } > n x ^ / o x so that fe T(x)
which is impossible since F n T(x) = 0. Hence XEF. We now show that F
is an ultrafilter. Let z$F. Then the filter generated by F and z intersects T(x).
Hence there is an element ye T(x) such that j ^ / n z for some feF. Now
0 = j n x =^/n z r\x. Since x 6 F and/e F we have/ n xeFandz n / n x = 0.
Hence F is an ultrafilter so that by assumption L — F is a maximal ideal and
x$L — F. Hence there exists an element yeL — F such that x\j y = \ which is
impossible since D(x) £ F . Hence T(x) n D(x) ^ 0 and (ii) => (i). (iii) => (i)
follows by duality. Assume (iv). Let M be a maximal ideal of Lso that L— M is
a prime filter of Land hence by assumption L— Mis an ultrafilter. Thus (iv) => (iii)
and similarly (v) => (ii).

In a Boolean algebra maximal ideals and completely irreducible ideals (see
[1]) coincide and ultrafilters and completely irreducible filters coincide. Hence
one may ask whether the words ultra and maximal in (ii) may be replaced by
completely irreducible filter and completely irreducible ideal. We answer in the
negative by giving the following

EXAMPLE 1. Let Lbe the set of all non-negative integers under divisibility
ordering (i.e., a ^ b if and only if a divides b). Then it is well known that Lis
a distributive lattice with integer 1 as the least element and integer 0 as the greatest
element. It can be shown that every completely irreducible ideal is of the form
{x | p*^*} for some prime power p and every completely irreducible filter is
of the form {x | p" j x} and yet Lis not a Boolean algebra.

In a distributive lattice every completely irreducible ideal is prime and every
completely irreducible filter is prime. Hence one may try to replace the word
prime filter in (iv) by completely irreducible filter. We show that it is impossible
by giving the following

EXAMPLE 2. Let L be the set of all finite subsets of an infinite set N together
with JV. Then Lis a distributive lattice with 0 and 1 under the usual set inclusion.
In this lattice it can be easily seen that every completely irreducible filter is ultra
and yet L is not a Boolean algebra.

https://doi.org/10.1017/S1446788700029244 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700029244


[3] Ideal topology on a distributive lattice 505

THEOREM 2. Let Lbe any lattice. Then every proper ideal of Lis the inter-
section of all completely irreducible ideals that contain it and dually every
proper filter is the intersection of all completely irreducible filters that contain it.

PROOF: If x e L — Io, where Io is the given ideal, we obtain by Zorn's lemma
an ideal IX3 Io which is maximal subject to not containing x. Clearly Ix is com-
pletely irreducible and Io = f) {Ix\ xeL — / 0 } , from which the theorem follows.

THEOREM 3. Let Lbe a lattice. Then the ideal topology on L is Tj .

PROOF. Let xeL and let x # y so that either x ^ y or y ^ x. Suppose
x $ y. Since the ideal {a \ a g y} does not contain x there exists by Theorem 2
a completely irreducible ideal (hence an open set) containing y and not contain-
ing x. By a dual argument in the case j | x we get an open set containing y
and not containing x so that the ideal topology on L is Tt.

COROLLARY 1. The ideal topology is discrete on any finite lattice.
From now onwards we suppose that L is a lattice endowed with the ideal

topology.

THEOREM 4. The mappings (x, y) -> (XKJ y and (x, y) -» x n y from
L x L-> L are continuous if L is distributive.

PROOF. Let f: Lx L-> L be denned by f(x,y) = x(j y. Let x u y e G

where G is a subbasic neighbourhood of x u y. Suppose G is a completely ir-
reducible ideal. Then both x and y belong to G and f(G x G) £ G. If G is a
completely irreducible dual ideal then either x or y e G (since G is a prime dual
ideal). If xeG, then G x L is a neighbourhood of (x,y) and f(G x L) <= G.
Thus / is continuous. By a dual argument it can be shown that (x, y) ->•
x n y is also continuous.

The above theorem is true if Lis a finite lattice because of corollary 1.

REMARK 1. It can be easily observed that principal ideals and principal
dual ideals of L are closed in L (see page 258 under corollary 3 in [3]).

THEOREM 5. If Ll,-,Ln are lattices in each of which the ideal topology

is Hausdorff, then the ideal topology on the product lattice L1 x L2 x ••• x Ln

is Hausdorff.

PROOF. It is easy to see that the product topology on the product lattice is
coarser than the ideal topology on it. Since the product topology is Hausdorff
it follows that the ideal topology on Lt x ••• x Ln is Hausdorff.

We shall now determine a few classes of distributive lattices in which the
ideal topology is Hausdorff.

THEOREM 6. / / L is a chain, then the ideal topology on L is Hausdorff.
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PROOF. It can be easily observed that for each a in L, Ia = {xeL\x < a}
and Da = {x\ x > a} are respectively completely irreducible ideal and completely
irreducible dual ideals. Let a, be Land a < b. Suppose there is an r e Lsuch that
a < r < b. Then lr and Dr are respectively neighbourhoods of a and b with
Irn Dr = 0 .If there is no r in L such that a < r < b, then Ib and Da are respec-
tively neighbourhoods of a and b with Ibn Da — 0. Thus L is Hausdorff.

The following theorem is valid on any lattice i.e., the assumption that L
is distributive is not made.

THEOREM 7. Let L be a lattice endowed with the ideal topology. If either
every completely irreducible ideal is principal or every completely irreducible
filter is principal, then the ideal topology on Lis Hausdorff.

PROOF. Let x,yeL and let x # y so that either x % y or y %, x. U x $ y,
then there exists a completely irreducible ideal / containing y and not containing x.
Now since / is principal (by hypothesis) by Remark 1 we have / is closed so that
L — / is an open set containing x and / n (L — I) = 0. Similarly in case y £ x
we can obtain disjoint neighbourhoods for x and y. Thus Lis a Hausdorff space.
By a dual argument we can show that L is Hausdorff in case every completely
irreducible dual ideal is principal.

DEFINITION 1. A lattice L with 0 is called disjunctive if x,yeL and x < y
implies that there exists an element c in Lwith x n c = 0 and y O c # 0. Dually
a lattice with 1 is called dual disjunctive if x,y e L and x > y implies the exis-
tence of an element c in L with x \j c = 1 and y U c =£ 1 (see Birkhoff [2],
page 173).

LEMMA 1. A lattice L with 0 is atomistic and disjunctive if and only if
given x, yeL with x < y there exists an atom p 5j y such that p (~\x — 0.

PROOF. If the condition is satisfied then obviously L i s atomistic and the

atom p plays the role of c. Conversely suppose that Lis atomistic and disjunctive

and let x < y. There is an element c in L with x n c = 0 and y n c ^ 0 so that

we have an atom p ^ y O c . Then p C\x 5£ y Cic C\x ^ c n x = 0 and p ^ y.

THEOREM 8. Let L be a distributive lattice with 0 and 1 . / / either L is
atomistic and disjunctive or dual atomistic and dual disjunctive, then the
ideal topology on L is Hausdorff.

PROOF. Let x,y eL with x ^ y so that either x ^ y or y ^ x. If x ^ y,
then y < xU y so that by Lemma 1 there is an atom p ^ x u y with p n y — 0.
Hence p = p n (x u y) = (p O x) u (p n y) = p n x so that p :S x. It can be
easily observed that / = {zeL| p(~\z — 0} is an ideal maximal with respect
to the property of not containing p so that / is a completely irreducible ideal
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containing y and not containing x. The dual ideal J generated by p being an ultra-
filter is a completely irreducible dual ideal containing x and not containing y.
Thus / is an open set containing y and J is an open set containing x with / C\J= 0.
Hence the ideal topology on L is Hausdorff. By a dual argument it follows that
L is Hausdorff if it is dual atomistic and dual disjunctive.

We now give examples to show that the classes determined are independent
even in the case of a complete distributive lattice.

EXAMPLE 1. The closed interval [0,1] of the real number system is a complete
distributive lattice under the natural ordering. It can be easily seen that it is
neither atomistic nor dual atomistic. It can also be observed that every completely
irreducible ideal is non-principal and every completely irreducible filter is non-
principal.

REMARK 2. The above example also shows that Atherton's conditions [1]
for the ideal topology on a complete distributive lattice to be Hausdorff are not
necessary.

EXAMPLE 2. Let Lbe the same lattice as in example 1 of Theorem 1. It can
be easily observed that every dual ideal is principal and the set of all odd integers
is a completely irreducible ideal which is not principal. It can also be observed
that Lis neither disjunctive nor dual atomistic. Finally it is obvious that Lis not
a chain.

EXAMPLE 3. Let L be the set of all countable subsets of the real line R to-
gether with R under the usual set inclusion. This lattice is a disjunctive and
atomistic distributive lattice. Also {X e L | 7L-X is a finite subset of R,Z being the
set of integers} is a proper filter contained in an ultrafilter which is non-principal
and L - {R} is a non-principal maximal ideal. Clearly Lis neither dual atomistic
nor a chain.

DEFINITION 2. Let L be a distributive lattice. Tire prime ideal topology
on Lis the topology on Lhaving an open subbase consisting of all prime ideals
and prime filters of L.

REMARK 3. In §1 of [1] Atherton proves some results about the ideal
topology on a Boolean algebra. All these results depend on the fact that in a
Boolean algebra maximal ideals and completely irreducible ideals coincide and
dually ultrafilters and completely irreducible filters coincide, we note that if we
assume that L is merely distributive and consider the prime ideal topology the
same results can be proved since the complement of a prime ideal is a prime filter
and vice versa. The proofs are identical with Atherton's needing only the fact
that in a distributive lattice completely irreducible ideal is prime and dually
completely irreducible filter is prime. Theorem 5 of [3] (the ideal topology on a
Boolean algebra is Hausdorff) follows as a corollary.
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In conclusion I thank Professor Dr. N. V. Subrahmanyam for his valuable
•comments and suggestions during the preparation of this revised paper. I also
thank the referee whose valuable comments helped in shaping the paper into its
present form.
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