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REMARKS ON JAMES'S DISTORTION THEOREMS II

PATRICK N. DOWLING, NARCISSE RANDRIANANTOANINA AND BARRY TURETT

If a Banach space X contains a complemented subspace isomorphic to tx and if
e > 0, then there exists a subspace Y of X and a projection P from X onto Y
such that Y is (1 + e)-isometric to I1 and ||P|| ^ 1 +e. A stronger result for Co
is proved for Banach spaces whose dual unit ball is weak * sequentially compact.

1. INTRODUCTION

In [4], the authors prove that if a Banach space X contains a complemented copy of
E1 (respectively, co) and if e > 0, then X contains a complemented (1 + e) -isometric
copy of (} (respectively, CQ). This means that if X contains a complemented copy
of 1} (respectively, CQ), then X contains almost isometric complemented copies of i1

(respectively, CQ). A natural question to ask is whether one can improve not only
the quality of the copy of I1 or CQ , but whether one can also improve the quality of
the projection? More precisely, if a Banach space X contains a complemented copy
of I1 (respectively, c0) and if e > 0, does there exist a subspace Z of X and a
projection P from X onto Z such that Z is (1 + e) -isometric to I1 (respectively, c0)
and | |P| | ^ 1 + 5 ? The aim of this note is to show that the answer is yes in the E1

case. We also show that if a Banach space X contains a copy of CQ and if the unit ball
of X* is weak* sequentially compact then, for each e > 0, there exists a subspace Z
of X and a projection P from X onto Z such that X is (1 -I-e)-isometric to CQ and
||P| | ^ 1 + e. This can be viewed as an extension of a classical result of Sobczyk [11].

2. T H E RESULTS

The first result in this section provides a method for recognising when a Banach
space has a complemented copy of t1 with a good projection constant. Our notation
is standard and we refer the reader to the texts of Diestel [3] and Lindenstrauss and
Tzafriri [8] for any unexplained terms.
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LEMMA 1. Let 0 < e < 1 and let (en)n denote the standard unit vector basis
of i1. Suppose that X is a Banach space, that T : X ->• i1 is a bounded linear
operator with \\T\\ ̂  1, and that (xn)n is a sequence in the unit ball of X satisfying
\\Txn — en\\ < e for all n 6 N. Then there exists a subspace Z of X and a projection
P from X onto Z such that Z is 1/(1 - e)-isometric to £l and \\P\\ ^ 1/(1 - e ) .

PROOF: Let (an)n € I1. Since ||xn|| ^ 1 for all n e N,

n=l n=l

Also, since ||T|| $J 1, we have

n = l

n = l

n = l
oo

n = l
oo

n=l

n = l n = l

n = l

oo °°
Thus (1 - e) £ \an\ < ]£ a n i J < £ K l for all (an)n € I1. Therefore the Banach

n=l l|n=l || n=l
space Z = span{a;n : n € N} is 1/(1 — e)-isometric to i1.

oo

Define a bounded linear operator 5 : I1 -¥ X by 5((an)n) = £ anXn for all
„ in = l

(an)n € i1. Clearly ||5|| ^ 1, and so the operator TS : il -»• £x satisfies ||TS|| ^ 1.
Also, for (an)n e £x,

n = l n = l n = l

Therefore TS is an isomorphism and \\{TS) 1|| < 1/(1 - e). Note also, with / denot-

ing the identity map on i1, that since ||7 - TS\\ < 1, (TS)'1 = £ (/ - TS)n. This
n = 0

implies that the domain of (TS)'1 is all of O. Define P : X ^ X by P =
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It is easily seen that P i s a projection of X onto Z and | |P | | ^ | |S ' | | | | (rS)~1 | | | | r | |

^ 1/(1 - e). This completes the proof. D

For our next result, Theorem 5, we need the following three ingredients.

LEMMA 2 . [1] Let {xn)n be a basic sequence in an infinite dimensional Banach
space X. Then there is a block basic sequence (yn)n of (xn) and a sequence of func-
tionals (Vn)n in X* which form a unit biorthogonal system of X. That is, for each
neN, \\yn\\ = \\y*\\ = y*(yn) = 1 and y*n(ym) = 0 for all m^n.

THEOREM 3 . [3, 7, 8] Let X be a separable infinite dimensional Banach space.

If (x*l)n is a weak* null normalised sequence in X*, then (£*,)„ has a subsequence

(Vn)n which JS a weak* basic sequence.

THEOREM 4 . [5] Let X be a Banach space and let Xo be a separable subspace
of X. Then there exists a separable subspace Z of X which contains XQ , and an
isometric embedding J : Z* -4 X* such that (J(z*))(z) — z*(z) for all z e Z and

z* e Z*.

THEOREM 5 . Let X be a Banach space which contains a complemented subspace
isomorphic to tx and let e > 0. Then there exists a subspace Y of X and a projection
P from X onto Y such that Y is (1 + e) -isometric to I1 and \\P\\ ^ 1 + e.

PROOF: We shall consider the case where A" is a separable Banach space containing
a complemented subspace isomorphic to 1}. Then, by the Bessaga-Pelczynski Theorem
[3], X* contains a subspace isomorphic to CQ. Let 6 = e/(l + 2e). By the James
Distortion Theorem [3, 6, 8], there is a sequence (x*l)n in X* such that

(1 -<5)sup|an| sup |an| for all {an)n € c0.

Since {x*l)n is a basic sequence in X*, there is a block basic sequence (?/*)„ of (x^)n

and a sequence (y?)n in X" such that for each n € N, | | j / ' | | = \\y?\\ = y"{y*n) = 1
and y"{y*n) = 0 for all m ^ n, by Lemma 2. Hence there is a strictly increasing
sequence of integers, {kn)^l0 with ko = 0, and scalars, a:- , where fcn_i + 1 ^ j ^ Jfcn

for n e N, so that

j n )Since \\yZ\\ = 1, we get that |ajn ) | ^ 1/(1 - <5), for all n € N and fcn_i <j^kn. For
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each n G N, define z* = (1 - <5)y* . Then, for all (an)n G CQ,

n

kn

(1 — 6) sup sup
n k,

sup|an|.

Since (£*,)„ is equivalent to the unit vector basis of Co and since (?/*,)„ is a block
basis of (x*)n, (y£)n is equivalent to the unit vector basis of Co- Hence (y£)n is
a weak* null normalised sequence in X*. By Theorem 3, (y*)n has a subsequence
(again denoted by (y£)n) which is weak* basic. By the (assumed) separability of X
and the construction of this subsequence [8, pages 11-12], there is a bounded linear
operator T : X -• (span{j/* : n 6 N})*, given by T(x)(y*) — y*(x), for all x € X
and y* G span{2/*, : n S N}. We note that ||T|| ^ 1. Moreover, this operator has the
property that for each rj > 0 and y** € span{y** : n € N} with \\y**\\ = 1, there is
x € X with ||x|| = 1 and \\Tx — y**\\ < 77. In particular, for each n € N, there is
xn e X with ||zn|| = 1 and ||Ta:B - y*m\\ < (e2/{\ + e)(l + 2e)).

Define an operator 9 : (span{y* : n € N})* -»• £x by Q(y**) = ( j / " « ) ) n . Note
that for each m G N we have 0(y«) = ( C « ) ) n = (1 - «)(y™ (»;))„ = (1 - 6)em.
Also

||6| | = sup{||e(y")| | : y" € (Span{»; : n G N})*, ||y"|| = l }

= sup < E b**(zn)| : \\v"II = 1 and A is a finite subset of N >
ln6A J

= sup : A is a finite subset of N and \0n\ = 1 for all n G A
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Define S : X -> (} by S = GT. Then \\S\\ ^ ||e||||T|| ^ 1. Moreover, for each n € :

\\Sxn - en\\ = \\G(Txn) - en\\

l-S)en-en\

6 =
1 + e"(l + e)(l + 2e)

The proof is complete by an application of Lemma 1.
For the general case, since X contains a complemented copy of t1, X* contains a

copy of Co- Therefore, by the James Distortion Theorem, there is a sequence (x*)n in
X* such that

-<J)sup|an| sup \an\ for all (on)n € c0,

where 5 = e/(l + 2e). Define Z — span{x* : n € N}. Then Z is a separable subspace
of X*. Let {zn : n S N} be a countable dense subset of the unit ball of Z. For each
n £ N, choose a sequence (xn k)k in the unit ball of X such that ||zn|| = lim zn(xn k) •

k-*oo

Define Y = span{xn,jt : n, k € N}. Clearly Y is a separable subspace of X and hence,
by Theorem 4, there is a separable subspace Y\ of X which contains Y and there is
an isometric embedding J : Y* -> X* satisfying {Jy*)(y) — y*(y) for all y* € Yj* and

Clearly from the construction of Y\, Z is isometric to a subspace of Y{. Hence
Y{ contains an isomorphic copy of CQ . Therefore, since Y\ is separable, the first part
of the proof says there is an operator S : Y\ —> I1 with ||5|| ̂  1 and there is a sequence
(yn)n in the unit ball of Yi with \\Syn - en\\ < e for each n € N. By [3, page 114],
there is a weakly unconditionally Cauchy series X32/n m Y{ so t n a t S(y) = (2/n(l/))n

n

for all y € Y\. Moreover,

= sup< YjnVl : A is a finite subset of N and \6n\ = 1 for all n 6 A}•
For each n € N, define x*, = J[y^)- Since J is an isometric embedding, Y^xn *s a

n

weakly unconditionally Cauchy series in X* and the operator So : X —> i1 defined by
S0{x) = (x;(x))n, for all x € X, satisfies ||50|| = ||S|| ^ 1. Also, for each y € Ylt

S0(y) = (*;(y))B = (J(y'n)(y))n = (»;(»))„ = S(y).

Therefore, ||So(j/n)-en|| < e for all n 6 N, and so an application of Lemma 1 completes
the proof. D

https://doi.org/10.1017/S0004972700033219 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700033219


520 P.N. Dowling, N. Randrianantoanina and B. Turett [6]

REMARK. [4, Corollary 3] states that if a dual Banach space contains a subspace iso-
morphic to Z°°, then it contains almost isometric copies of £°°. This result is true in
general Banach spaces by a result of Partington [10]. However, the proof of the result
in [4] is incorrect, but an application of Theorem 5 can be used to "fix" the proof. The
authors wish to thank Dirk Werner for informing them of the error in the proof of [4,
Corollary 3].

Sobczyk's Theorem states that if a separable Banach space X contains a subspace
Y isometric to Co, then there exists a projection of norm less than or equal to 2 from
X onto Y [8, Theorem 2.f.5]. In view of a result of Taylor [12, p. 547] that every
projection from c onto its subspace Go has norm at least two, the projection constant in
Sobczyk's Theorem cannot in general be improved. However, if one considers Sobczyk's
and Taylor's results in the spirit of Theorem 5, it is reasonable to ask, given a separable
Banach space X that contains a subspace isometric to CQ, whether there exist other
subspaces of X isometric to CQ on which the norms of the projections are less than 2.
The second statement in the next result gives as nice a positive answer to this question
as one could hope for.

THEOREM 6 . Let X be a Banach space whose dual unit ball is weak* sequentially
compact and let e > 0. If X contains a subspace isomorphic to CQ , then there exists a
subspace Z of X and a projection P from X onto Z such that Z is (1 + e)-isometric
to Co and \\P\\ < l + £ . Moreover, if X contains a subspace isometric to c0, then there
exists a subspace Z of X and a projection P from X onto Z such that Z is isometric
to co and \\P\\ = 1.

PROOF: Let 5 = e/(l +e). Since X contains a subspace isomorphic to Co, the
James Distortion Theorem [3, 6, 8] says there is a sequence (xn)n in X such that

(1 -<5)sup|an| ; sup |an|, for all (an)n e c0.

Let Y = span{xn : n 6 N}. For each n € N, define y^ G Y* by

Then |yn(xn)| = ! ' s i n c e \\Xn\\ < ! . a n d

Iknll =SUp
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^ sup||an| : sup|afc| ^ ^ 3

By the Hahn-Banach theorem we extend y* to an element z*, e X* with ||a;*|| =

||y*|| ^ 1 +e. Since the unit ball of X* is weak* sequentially compact, (z*)n has a

subsequence (x*fcJ converging weak* in A"*. Define tu*. — (x* — z* ) / 2 and

Wk = xn2k+1 - xn2k, for each k € N. Clearly, (u>*.)fc is a weak* null sequence in X*
with ||u>*J| s% 1 + e and w*k{wk) = 1 for all k 6 N and w*.(wm) = 0 for all m ^ k.

00

Define an operator J : CQ —> X by J((an)n) = J2 anWn, for all (o n ) n € CQ.
n=l

Define an operator Q : X -> Co by Q(x) = (^*,(x))n for all x € X . It is easily checked
that QJ is the identity operator on CQ and so the operator P = JQ : X —• X is a
projection. Note that the range of J Q is Z = span{tun : n € N}. By the construction
of Z, it is easily seen that Z is (1 + e)-isometric to CQ. Finally, note that

\\J\\ = sup • :sup|an

and
HQII = sup{sup|<(x)| : ||x|| ^ l} ^ suplKH < 1 + e,

and hence | |P | | < || J | | | |Q| | ^ 1+e. Thus Z and P have all of the advertised properties.

For the case where X contains an isometric copy of Co, repeat the above proof
wi the = 0. D

REMARK. TO the extent that Sobczyk's Theorem (stated prior to Theorem 6) guaran-
tees that every separable Banach space containing a subspace isometric to CQ contains
a complemented isometric copy of CQ , Theorem 6 extends and improves Sobczyk's The-
orem since it applies to a larger class of spaces and guarantees projections of norm 1.
However, it is more accurate to think of Theorem 6 as a variation on Sobczyk's theme
rather than as an actual extension or improvement of Sobczyk's Theorem.

A result similar to Theorem 6 was proved by Diaz and Fernandez [2] in the setting
of Banach spaces not containing a copy of £l. An extension of Sobczyk's Theorem was
proved by Molto [9].

We finish with two natural questions:

QUESTION 1 . If a Banach space X contains a complemented copy of CQ and if
e > 0, does there exist a subspace Z of X and a projection P from X onto Z such
that Z is (1 + e)-isometric to CQ and \\P\\ ^ 1 +e?
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QUESTION 2 . If a Banach space X contains a complemented subspace isometric

to (.l, does there exist a subspace Z of X and a projection P from X onto Z such

that Z is isometric to E1 and \\P\\ = 1?
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