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The interruption phenomenon for

generalized continued fractions

M.G. de Bruin

Dedicated to K. Mahler on the occasion of his 75th birthday

After defining a generalized C-fraction (a kind of Jacobi-Perron
algorithm) for an n-tuple of formal power series over (
{(n = 2) , the connection between interruptions in the algorithm

and linear dependence over ([x] of the power series is studied.

Examples will be given showing that the algorithm behaves in a
way similar to the Jacobi-Perron algorithm for an n-tuple of
real numbers (the gcd-algorithm): there do exist n-tuples of

(1), f(2) (n)

formal power series f sy ones I with a C-n~fraction
without interruptions but for which 1, f

1 (2 n)
( ), )’ e f( ) is
nevertheless linearly dependent over C[zx] .

Moreover an example will be given of algebraic functions f, g

of degree n over ([x] (formally defined) for which the
C-n-fraction for f, f2, cees fn has just one interruption and
that for g, 92, ey gn none, while of course

1, £, f2, ey fn and 1, g, g2, vees gn admit (only) one
dependence relation over @[x] .

1. Introduction
It is well known that there exists a one-to-one correspondence between
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formal power series in an indeterminate « with complex coefficients
- v

) flz) = L o (g #0)
v=0

and so-called C-fractions, a terminating or non-terminating continued

fraction of the form

® € t\{o}; », » €N)

O’ al, a2, 2’

In the case that we admit the power series in (1) to have a vanishing

(o]
constant term, that is, Fflz) = 3 cvxv (ck #0, k €N) , the
v=k

correspondence still holds if we replace bO in (2) by ckxk

An important property of the one-to-one correspondence is

(3) F in (1) is the MacLaurin series of a rational function
(f € Q(x)) if and only if the C(-fraction (2) corresponding to

f terminates,
which (for the sequel) is rephrased into

(4) 1, f 1linearly dependent over ([x] if, and only if, the

C-fraction for f terminates.

For the theory of C-fractions the reader can consult the basic texts
Perron [8]1, wall [10].

As the reader immediately realizes, (4) is the analogue of a similar
assertion for the ordinary continued fraction for a real number (replace

Clx] vy Z ).

This just mentioned continuved fraction for a real number has been
generalized in many ways to an algorithm for an n-tuple of real numbers.
Of these generalizations we only mention one that is closely connected to
the greatest common divisor algorithm, see Perron [7], the so-called

Jacobi-Perron algorithm.

Algebraic properties have been studied amongst others by Bernstein [1]
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and metrical properties by Schweiger [9].

There is, however, a loss compared to the ordinary continued fraction
algorithm: a generalization of (4) does not hold for n = 3 (then there

exist n-tuples of real numbers al, Ohy ooy an which have a Jacobi-
Perron algorithm without interruptions but for which 1, al, Oy +ees O

is nevertheless linearly dependent over Zﬁ]; the case n = 2 is not yet

clear for the algorithm from [7].

Now there are different ways of generalizing the C(-fraction algorithm
to 7n-tuples of formal power series. For instance, see the work of Dubois
[5] and Paysant Le Roux [6].

They use the well known non-archimedean valuation on the field of
formal power series to define the notions "distance" and "integer" and
thereby reach an algorithm that satisfies a modified version of (L) with
§{x] replaced by the set of "integers". Tt is then possible to prove, see
[5], that the number of independent dependence relations is equal to the

number of interruptions in the algorithm,

In this paper another generalization is considered which behaves very
much like the ordinary C-fraction algorithm and which is also connected
with the sequence of Padé approximants on the main stepline in a

generalized Padé table, see de Bruin [2], [3], [4].

2. The C-n-fraction algorithm

Consider an 7-tuple of formal power series in an indeterminate &

with complex coefficients

» o 3
1 )V .
(5) fé )(x)= Y c\() g [1,=1, 2, ...,n-,c(()n)=1] .
v=0
There is no loss of generality in requiring cén) =1 as will be pointed

out in the sequel. The use of this condition lies mainly in the fact that
it enables one to recover many results for ordinary C-fractions as they
appear in [8], [10] by simply taking =n =1 in the general theory, see
€23, (33.

Also, for the sake of simplicity and because we are otherwise led to a
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(1)

rather trivial situation, we assume that fb is not a monomial nor

identically zero.

Let b 1,0 P(L’o) (£ =1, 2, ..., n) be the first non-zero term in
jxl), fég), cees fén) , respectively (so »(n, 0) =0, b(n, 0) = 1} and
l,lxr(l’l) the second non-zero term in f(l)

Then
(62) f(l)( ) = b, r'(l 0) , [al,lxr(l,l))/[fin)(m))
uniquely defines the formal power series fin) with constant term equal to
1 . This fﬁn) is then used to define the formal power series
fi ): 52)’ cees f{n-l) (uniquely) by

(6v) f(”(x) =b, r(z o), {f(t l)( ))/{fin)(x)) (£ =2,3, ..., n) .

Thus we get another n-tuple of formal power series,
(l (n
), f ooy f )

one, and ve can try to apply the method described in (6a, 6b) once more.

Now, however, we have two different situations: fﬁl)

, of which the last one has constant term equal to

is a monomial
or not; they will be considered separately.

(1)

Let the n-tuple of formal power series f

,f(2) ...,f(") [f(")

v
has constant term equal to 1 ) have been constructed for a certain

v €N .

A. fﬁl) IS NOT A MONOMIAL NOR IDENTICALLY ZERO

r{2,v) r{1,v+1) .
Let z’vx , respectively al V1 , be the first,
respectively second, non-zero term in the series fﬁl) (that is,
. (n) .
a2,v’ al,v+l £ 0 ]. Then the formal power series fb+l with constant term
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equal to 1 is uniquely defined by

0 V@ = ey @Y s D))

A%

L+ . -
After this, let a. r(i+1,v) be the first non-zero term in the series

1+1,V
(Z)

T,

v (or zero if fiz) =0 ) for 7 =2,3, ..., n-1 ; we know that the

first non-zero term in f(n)

v
series fﬁii, fﬁfi, cees iﬁ;l)

is the constant 1 . Then the formal power

are uniquely defined by

A0 = )+ [0) )

(t=2,3, ..., n-1) ,

(To) A

fﬁn)(x)

b, + [fgrzil)(x)]/[f\(ﬂ(x)] (®, = 1)

CONCLUSION, The rules (7a), (Tb) construct, starting with an n-tuple

\

of formal power series of which the last one has constant term equal to

1 , an n-tuple of the same kind.

B. fﬁl) is a monomial or identically zero
Let fﬁl), 52), ceey fﬁk) all be monomials or identically zero and
(k+1) . . , .
let fb be the first formal power series (regarding the superscript)

which has at least two non-zero terms (if there is one).

This situation is called an interruption of order k at index v

("Storung") and leads to a subdivision of Case B.

Bl. k =n ; that is, all formal power series have at the most one non-

zero term.

r(i+1,v) _
T . x ? =
ake @y v

fﬁi)(x) (£=1,2, ..., n-1} , bv =1,

a xr(l,v)

1.V already follows from Case A for v - 1 .
k]

The algorithm terminates. Calculating backwards using (7a), (Tb), for
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v, V-1, ..., 2, 1 and (6a)7 (6v), shows that £o), £12), L., fn)

the MacLaurin series of rational functions which are regular at the origin.

are

B2. 1=k =n-1

Take a er(i+l,v) = fﬁi)(x) (Z=1,2, ..., k), a. xr(i,u) =0
(n)

fv+l with

(Z =1, 2, ..., k; u = v+l) and define the formal power series

constant term equal to 1 using the first and second non-zero term in

f£k+l) 5 fﬁti is unique:

(k+1) B r(k+2,v) r(k+1,v+1) (n)
(8a) £ (x) = Tro W * %41 v / f§+l(x)
After this the formal power series fﬁf;l), iﬁ;g), ey iﬁ;l) are

uniquely determined as in (7b) by the first non-zero term in

(k+2) (k+3) (n)
f\) 3 \) > AR \)
1) = gy T (WY ) [0
(¢ = k+2, k+3, ..., n-1) ,
(8b) 1

A =5+ [l @)/ fe) e, -

CONCLUSION, After an interruption of order k at index v the rules
(8a), (8b) conmstruct, starting with the (n-k)-tuple of formal power series

(k+1)  (k+2) (n)
AR SO At

1, an (n-k)-tuple of the same kind.

of which the last one has constant term equal to

In what manner the algorithm has to be adapted if after an
interruption of order X another interruption, say of order m at index

H , appears is now evident.

k+1)  (k+2)

c. ffj

.

(
. fy

n . . .
.y fﬁ ) have an interruption of order m at index

The case m =n - k is the "same" as Case Bl; the algorithm

terminates. Let now m+tk < n-1 .
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r(i+1,u) - (2) .
Then take ai+l,ux = fh (z) (2 = k+1, k+2, ..., k+m) ,

i er(t’v) =0 (£ =1, 2, ..., ktmy v = py+l) , and define the formal
b

power series fﬁfi with constant term equal to 1 using the first and
(n)

+m+ . .
second non-zero term in fﬁk m+1) y T is unique:

H+1
(9a) fﬁk+m+l)(x) - ak+m+2,uxr(k+m+2,u)
[ak+m+l’u+1xr(k+m+l,u+1))/[fﬁfi(x)]
Then fﬁﬁim+l), fﬁ§1m+2), ooy ﬁz;l) follow as in Cases A and B2:

f(i)(x) -

H+1 H+1
(i = k+m+2, k+m+3, ..., n-1)

(op) 4

= 1)

(n) _ (n-1) (n)
@) =5, ¢ [f P @) i) G,

(if m+k=n-1, (9a), (9b) have to be replaced by the second line of
(9b) only).

The C(-n-fraction for an arbitrary mn-tuple of formal power series now
follows by applying the construction given above, at each step choosing
Case A or Case B and once Case B has been chosen, choosing Case B or Case

c.

The construction terminates or not; this matter will be treated in

the next section.

For notational convenience only the coefficients and powers of x

that appear when we apply the algorithm are given; we have then
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r(1,1) r(1,v)
a4 1% e @) \F .
( 1)} r(1,0) r(2,1) r(2,v)
fé bl,Ox ae’lx a2,\)x
2) r(2,0)
fé b2,0x
{10) : X
a xr(n,l) xr(n,\)) )
n,1 n,V
(n) b r(n,0)
X 1 .e 1
ka J L ,0 )
(with »(n, 0) =0 , b, o=1 ).
REMARK !, The notation (10) shows how the algorithm has to be

adapted if f(()n) does not have a constant term equal to 1 : Jjust put the

first non-zero term in the series f(()n) in the place of bn Oxr(n,o)

Interruptions show up in (10) in the following way: an interruption
of order k at index V leads to zeros in the rows 1, 2, ..., k
starting in the column number V + 1 (if the first column is given the

number O ).

Using the right hand side of (10) it is possible to define »n + 1

sequences of polynomials A\()l) , A\()Z), cens A\()n) (numerator polynomials)
and B (denominator polynomials) for v € Nu {-n, -n#1, ..., -1, O} by

(42) _ -

A—j T Tiei el (Z=1,2,....m),

J B ,=0 for J=1, 2, s N,
(11) -

A(()’l«) - bi Oxr('lr,o) (i = 1, 2, vuu, n) , B.=1
\ s

O >

and the recurrence relation, the same for each of the sequences,
(12) ¥ =Y +a xr(n,\))y + +a zp(l’V)Y (v ¢€N) .

Y V-1 AY V-2 1y v-n-1

For detailed information concerning the sequences of polynomials and
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the sequences Ail)/Bv (¢ =1,2, ..., ny; v €N) |, for instance the order

relations for the exponents r(i, V)

(0 =»(4, 0) < r(d, 1) < r(j-1, 2) < ... <r(l, j+1) , and
r(n, v) < r(n-1, vl) < ... < »r(1, wvn-1)} ,
. (7) () _ V1 . .
the relations f - A /B =d. 2 plus higher powers, and so on;
0 v v 1,V
see [2].

For the sequel we only need the initial values (11), the recurrence
relation (12), and

() )
v v=-n

. . Vv .
(13)  aet L) yl= (-1) (V) TTa A3y €N,

( . sd
A J=1
B ... B
v V-1

(an empty product has to be taken as 1 ; for the proof see [2]).
EXAMPLE 1. Let g be the unique formal power series in 2 with

constant term equal to 1 that satisfies

(1L) g3 - g2 - xg - 22 = 0.

Take f = 92 - g ; Dbecause g satisfies an irreducible (over €[z] )

equation of degree 3 , the triple 1, f, g 1is linearly independent over

8[z) . Straightforward (formal)calculation shows flz) = & + z° plus
higher powers of &« . Apply the C(-2-fraction algorithm to f, g :

f=x+f-z=2x+ 92 -g-xT=x+ (93-g2—xg)/g =X+ (xQ/g)

(g constant term 1 )

g=1+g-1=1+(g°g)/g =1+ (fl9) .

This shows that the C-2-fraction is purely periodic (period length 1)

and has the form

2 2

X
(15) x x ... x ...
1 1 1 .
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EXAMPLE 2. Let g be the unique formal power series in & with

constant term equal to 1 satisfying

(16) g2 + (z-1)g + x2 = 0.

Take f = 92 - g ; then (1, f, g) is linearly dependent over ([zx]

(f + zg + %2 = 0} ,but f, g are not rational while (16) is irreducible.
We have

f= g2 - g = -xg - = -z - x{g+(z-1)}

= -z - alg®(z-1)g}/g = = + (s7/g) |

g=l+g-1=1+f/g.

Again period length 1 and (17) gives the C-2-fraction

3 3

(18) [f] .. - - ... -Z
g

1 1 1

EXAMPLE 3. Let f be the unique formal power series with constant
term equal to 1 satisfying

(19) F-f-z=o0.

Then f, f2 are not rational and (1, f, fz) allows just "one" dependence

relation over ([z] while (19) is irreducible.

This time an interruption comes up:

(20) f=1+f-1=1+2x/f (f constant term 1 ),

=1+ (2(pD)/F s

(21) 2(f+l) = 2z + z(f-1) = 2z + 22/f , f=1+z/f;
(22) x is a monomial, f =1+ z/f .

From (22) follows an interruption of order 1 at index 2 ; the function
to go on with leads to a non-terminating algorithm f =1 + z/f ad

infinitum. We have
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2

f . x x 0 0
(23) [ ] £ z z
f2 1 1 1 1 1

EXAMPLE 4. The C(-2-fraction for the functions 1/(1-x),

1/ ((2-x)?)

1/(1-z) =1 + x/(1-x) , 1/[(1—:1:)2] =1 + (z(2-x)/(1-2))/(1-z) ;

(x(2—x))/(1—x) = 2x + x2/(l—a:) , l-x=1+ (—x(l-x))/(l—x) ;
(24) |

~x(l-x) = -z + .'z:2/1 , 1l-x=1+ (-x)/1;

\-x is a monomial, 1 is a monomial.

We have an interruption of order 2 at index 3 ; the C(-2-fraction

terminates
2 2
1/(1-z) x xz x X
(25) S| =— 1 & -z -z
1/(1-x)

i 1 1 1

3. Interruptions and linear dependence

In the sequel the following abbreviations will be used:
(2) r(Z,0) () r{i,v) .
=D, =a, = 2, ... H .
bo bz,ox s a\) ai,\)x (l 1, B s ny v € N)

THEOREM 1., Let the C-n-fraction for fél)

interruption of order % at index y (1 =k =n-1; u=21) ; the next
interruption (if any) appears at index 1T = u+l .
() .
v (£ =21,2, ..., n), B (v €Nvu {-n, -n+1, ..., -1, 0})
be defined as in (11), (12). Then

(2) _ {,(2) A(n) (2) (n-1) (2) (1) (2) (1)
(26) 5 —[A £y +A, o AT A a )

v-1"v -2V V-n=1"v

/[B f(n) . B 2f(n—l) . .. 4B f(l) + B a(l))

v-1‘v V.2’ v ) V-n" Vv V-n-1"v

s féz), e, f(()n) have an

Let A

(i=1,2, ..., n3 L =vs=<y),

https://doi.org/10.1017/50004972700008716 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700008716

M.G. de Bruin

256
(2) _ {42 n) | 4(2)(n-1) | a(T) plk+1) |
(21) 7 = [Av-l Ay Ao-nay
(n) , (n-1) (k+1)
/ [B\)- \)-2f v e F -n+kf
(z =1, 2,
Furthermore, for VvV =1, 2, ..., T ,
(28) the columms of
'A(n) oam )
v v-n+k
(1) (l)
Av cos v—n+k
L B\) B\)—n+k
are linearly independent over ([x] .
Proof. For Vv =1 , formula (26) follows from (6a

2(2) (k+l)]

\)n+k1v

(k+1)
Bv-n+k- 1% ]

e, My WHL SV = T) L

, (6b):

AV ) [ <1>]/[fxln>) [m # )+Ag)a§1))/[3 f(n)] ,

f('») ()

- (() i), [f](.i-l)]/[fj(-n)] - [A(()i)fgn)m

Let (26) hold for a certain Vv ,

A = e ) + L AL e

+A(7’)[ (2), [ l/f\()ﬂ]\lm

() (1)]/[
AV /2 lv

(n+l- z)f(l-l)]/q

(i =2, 3,

1=V <yp-1; then (7a),

(n)
Bof1 ]
vees M) .

(7o) imply

7))

[l )

SN SR el )
o)
(82 oA ) sl At
= 51;] Sl 3 e, et
o+ Rt ]
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but this is {(26) for v + 1 according to (12).

Substitute (T7a), (Tb) with v = p into (26) with v = p ; this leads
to (27) for v =u + 1 . After that we can use the method of proof for
(26) to prove (27) by induction. We only have to keep in mind the change

in (12) because of the interruption of order k at index u :

(29) Y =Y + a\()")yv + ...+ a(kﬂ)Y (v = p+l, u+2, ..., 1)

v v-1 -2 o v V-n+k-1

From (13) we derive

ACEEAG)

Vv v=-n

. | n(vel) = r(1,4)
(30) det| (4 LSS = (-1) Eal,fc to

\Y AVES /3

B ... B

v v-n

for v =1, 2, ..., U,

vhile @) s #0 (J=1,2, ..., u) owing to the fact that the first
3

interruption occurs at index u .

Let

T
X, = [A\()”), alr-1) Al Bv) (v €N U {n, =41, ..., -1, 0})

be the general column of the matrix in (30).

Formula (30) implies that Kv’ are linearly

X KX
V-1’ """ v

i 18 K K K
independent over ¢[x] , and so vs Ky_1s cors Kypag oo, for

V=1,2, ..., .

The remaining values of Vv for which (28) has to be proved are

treated using the recurrence relation (29) written down for the columns

K .
v
- (n) (k+1)
(31) X, = K\)-l +aj Kv_z + ... ta] Kv-n+k-1 (v = p+1, ps2, ..., 1) .
(k+1) _ r(k+1,v) .
Because a, = ak+1,vx > with ak+1,v # 0 for

U+l = v = T , (31) can be used to prove, for U+l = v = T

*
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Kv_l’ Kb_z, ey KV-n+k—l linearly independent over (€[x] implies

X

K K i i .
s Koorr 0 Kopak also linearly independent over ({z]

Starting with the independence of K , K cees K (from (28)

u Tu-l’ u-n+k
with v =y ) induction shows that (28) holds for v = p+l, u+2, ..., 1t . O

The following theorem is now obvious and will be given without proof.
The change in (27) at each index where an interruption occurs is dictated
by the number of zeros in the C(-n-fraction; or - what amounts to the

same - the change that is described in Case C of the algorithm. The

aét) in the numerator must be the first one, regarding superfix, that is
different from zero; then fﬁn), fﬁn-l): cees fﬁt) precede this aét) in

the adapted (27). The difference from Theorem 1 is that Theorem 2 covers

the situation that interruptions of order kl, k ves kj’ m with

2,
kl + k2 + ...+ kj +m=g (total order Kk ) occur at indices

v ey V., U

10 Vs - g

THEOREM 2. Let the C-n-fraction for for), £2), ..., fin)

interruptions of total order k , the last of which appear(s) at index 1y ;

have

furthermore let the next interruption (if any) occur at index T = u+l .
Then (27), (28) hold as stated in Theorem 1. 0

THEOREM 3. Let the C-n-fraction for fél), fée), cees f(()n) have
interruptions of total order k . Then there exist at least k relations
of the form

(32 p'%) + M@ Mi@) + .+ M@ @) 2 0,

0 1
p, oM™ cea
which are linearly independent over ([x] .

Proof. If k =n , the C(-n-fraction terminates and thus

1 2
fé ), é ), e fén) € C(x) from which the assertion follows.

Let now 1 =k =n-1 and let u be the index at which the last of

the interruptions occur(s).
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According to Theorem 2 the rank of the matrix

(n) (n) )
u+l T p-n+k+l
(1) (1)
u+1 Tt u-n+k+1
kBu+1 - Bu-n+k+1J

is n -k +1 ; that is, it is possible to choose n - k + 1 rows which
are linearly independent over ({x] . For the sake of simplicity let it be
the 1st, 2nd, ..., (n-k+l)st row:

(n) (n)
Au+l ... Au—n+k+1
(33) q(x) = det| : : $o.
4(k) 4(k)
u+l nee p-n+k+1

Formula (27) with v = p + 1 implies that the following system of

n - k + 2 homogeneous linear equations over ([x] in the n - k + 2

unknowns, Y5 Yps ooes Yy kep
( {n) (n) 4(n) (n) _
Fo gy + A H A gt e YA ke = O
+ (. . : .
k) (k) (k) (k) -0
P Uy A Yy A e A ke = O
() () () 4(%) -
‘fO yl+Au y2+A Y+ - -n+kyn-k+2_o
has the non-trivial solution
( (n) , (n—l) (k+1) (k+1)
= -|B
Y1 | W we t Buafpe ot B ad w1 B U+l >
_ An)
y2 = fu"’l ]
_ pln-1) (k+1)
y3 —fl.H'l 3 ccuy yn_k+l fu+l >
Yy e = “;(,1:11) $0 for £ =0,1, ..., k-1 ,
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(0)

(0) = B and fb

where the notation AIJ = 1 has been used. Thus

(n) ,(n) (n)
fon Aun Autln'rk}

det f(k) A(k) A(k) =0 (‘I, = 0, l, eeey k—l) .
0 u T Tpentk
(2) ,(2) ()
;fO Au e Au-n+kj
<ok . n-k+l . . . .
Multiplication by (-1) and expanding the determinant using the first

column leads, for 7 =0, 1, ..., k-1 , to

q(z).1 + O-fc(,l)(x) + O-f(()z)(x) + o+ o.f(()k'l)(x)

n .
(4)

+ Yy p.(x)fY (x)
=k 17 0

0.1 + q(x).fél)(x) + O'f(()e)(:z:) . e O.f(()k-l)(x)

(34) | e 3 o (@A ()
. Poi\ %o
J—

(k-1)

() + q(x) i

( (()k-e) (x) +

0.1 + o.fol)(:c) + ... +0.F

o 3 p ) T ()
L PpgiTilg X
J——-

\

with Prj €C(x] (£ =1,2, ..., k; J=k, k#1, ..., n) .

According to (33) the relations (3k4) constitute %k (obviously)

linearly independent relations between 1, fél), f(()2)’ cees f(()n) . o

COROLLARY 1. Let f(()l), fé2), cees f(()n) be an n-tuple of formal
pover series. Then the following statements are equivalent:
{a) the C-n-fraction for the n-tuple terminates;

(b) the C-n-fraction for the n-tuple has interruptions of total
order n ;
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(e) there exist n relations (linearly independent over C[x] )

between 1, f‘l) (2)

(n) . . . .
o %o . fb with coeffictents in

Clx] ;
(d) fél), féz), vens fén) are the MacLaurin series for an
n-tuple of rational functions each of which is regular at
the origin.
Proof. f(a) = (), (e¢) < (d), and (a) = (d) are trivial (Theorem 3
gives for k = n at least n linearly independent relations: that there
can not be more than n , follows from the fact that the existence of

n+1 lipearly independent relations for »n + 1 functions

1, 78, £L2

identically zero, a contradiction). For a proof of (d) = (a), see [2]. O

), cens fﬁn) would imply that those functions are all

COROLLARY 2. If the n~tuple of formal power series

1 2
fé )’ f(() )’ bR ] fo
ts linearly independent over Q[x] , then the C-n-fraction for the

") has the property that [1, fél), fée), cees fgn))

n-tuple has no interruptions. ()

Example 2 shows that there do exist pairs of formal power series f, g
with 1, f, g linearly dependent over ([x] but for which the
C-2-fraction has no interruptions: the absence of an interruption does not

imply the absence of a dependence relation!

In Example 3 the pair of formal power series admits exactly one
dependence relation while the C(-2-fraction has exactly one interruption

(two interruptions are not possible according to Corollary 1).

That this kind of behaviour is not restricted to the case n =2 will

be shown in the next section.

4. Interruptions versus linear dependence

In this section we restrict ourselves to the case n = 2 (for n=1
the problem is completely solved by (4)). For the sequel we need two types

of formal power series to construct examples.

DEFINITION 1. Let g be the unique formal power series in &« with
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constant term equal to 1 that satisfies

(35) 7+ )P Y {bixis_[f ik, ]x(j-l)s}{l—j
J=2 k=1

n-k+1
T
with
([ (i) s €N,
(ii) a, = 1, b, @ 15 @ 55 sees Gy s
(36) 1 n-1
y b"'l’kan_k+l ¢ t\{o} ,
k=1
((iii) the equation (35) is irreducible over (€[z] .

REMARK 2. From (36) (iii), it follows that g is algebraic of
degree n over @{x] . Actually (35) has n formal power series
solutions

1 with e, #£0,
n - 2 with co =0, cl # 0,
1 with ey = cl =0, e, # 0.
The proof is left to the reader.

That it is possible to find a's and b that satisfy (36) follows
from the next remark.

REMARK 3. For s =) = @ ) = ... =a, =1 we have, instead of (35),

(37) Y+ (.’L‘—l).Yn_l + x(x—Q)_Yn_e + x2(x_3)yn—3 + ...
+ 7o)}y + S 20 .

Now it is easy to prove that (37) is irreducible over ([z] and the unique
solution of (37) with constant term equal to 1 is actually algebraic of

degree n over ([z] .

DEFINITION 2. Let fFf ©be the unique formal power series in zx with

constant term equal to 1 that satisfies

(38) I o R (a € t\{o}, » €NN) .
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REMARK 4. Again the proof that (38) is irreducible over €[z] is

left to the reader (there exists a solution of the form
eyt e ¥ cpmp *a-= cZ , P=np=p=1 and so on); that is, f
is algebraic of degree n over @[x] .

The number of (formal) solutions of (38) is different from that of
(35):

r = k(n-1) for some k €N , 1 with cO #£0,

n - 1 with ey = cl R 0 , and ck #0 3

r # k(n-1) for all k €N, 1 with ey £0.

THEOREM 4. Let the n-tuple fél), fﬁe), coes £ be given by
(39) £ =g, A gt (G gt B3 )
(7: =2, 3, ..., n) 3

with g satisfying (37), constant term equal to 1 . Then there exists

precisely one relation between 1, fél), fg2), cees fén) over ([z] ;

namely:
noi1 ()

(k0) Yy 2" be () +2" =0,
J=1

but nevertheless the n-tuple has a C-n-fraction without interruptions of
the following form:

( 1
o e e .
—(n-l):c'n-1 —(rz-—l)xﬂ—l ve —(n-l):cn_l
(51) 42 e )
x ‘e x
! 1 . 1

Proof. Substitution of (39) in (40) leads to (37) with g instead of

Y ; so (40) holds. Now
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n -1 n-2 2
fél)-g N A (Y

“feg™ ™t ¢ w(z-1)g" 2 L+ R e (n-2)Yg + Y] by (3T)

= —xg? + (=1)g" T+ L+ .7::’1'3{30--(n-2)}g2 + xn_lg]/g
= -xﬂf14-(z>l)gn-l + o xn—z{xh(n-l)}g + 2+ (n—l)xnﬂgg - 2%/g
= -x[-_(n—l)xn_zg-xn]/g by (37)

-1 4 (g

thus fJ(_n) =g = f(()n) while g has constant term equal to 1 .

Furthermore we have, for 7 =2, 3, ..., n=1 ,
1 n+l-i n-i n-i-1 n-i-1
fé ) =g - g - &xg - eee = X
[ n+2-¢ n+l-1 n-i n-i-1 2
= \g -g - B g )/g

[féi-l)+xn-ig}/g

2t . [f(()i_l)]/[fin)] ;

that is, ) =0 (2=1,2 ..., n2) .
Finally
A ega1ego1=14 (Pg)lg=1+ [fc(,"'l)]/[fin)] ;
thus fi”'l) = fﬁn'l) }
This shows that the C-n-fraction algorithm for f(l) (2) (n)

o 2T s e fy

is purely periodic with period length 1 and leads to the form (L1).
That there is only one dependence relation for

1, fél), fé2), ey fé") follows from the fact that g is algebraic of

degree n over ([z] . O

THEOREM 5. Let g be the formal power series from Definition 1 and
define

(k2) f=1+ax'/g (a€C\{o}, r €N) .
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dependence relation for 1,
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(the powers of [ ) allows just one

b i f2, eeus fF over Qlz] but has a

C-n-fraction without interruptions of the following form

.
Do e
1 (i)axr (g]aexgr
1 (i]axr
(43)
(g)anZz'
r s
1 q)ax 1
(1 1 1
Proof. That there is

consequence of (36) (iii);

Define the formal power series

_ (n-1)s
(L) Ul =az +

3y 3 3r n-1\ n-1 (n-1)r
Ba’ )
[n ] n-1 (n-1)r
. a "=z
n-1
a x(n-z)s
3 3r 3s
(g)a x a, @
28 28
n-2 * art-2:c
s s
n—lx an_lx
1 1
\
(Z) oRCS bn+lx(n+l)s ) bn+1x(n+1)s o
(n-1)s (n-1)s (n-1)s
a,x az cee X
(n-2)s (n-2)s (n-2)s
ax ax cee o a
3s 3s . 3s
a, % a, % a, 5%
28 28 28
an-2x an-2x - an-2x
8 s s
%y %y 1T : %y 1% :
1 1 1 )

just one dependence relation is an immediate

see also Remark 2.

Upp Upo ees Uy g By
n+l_(n+l)sy, (n-g)s
b / U. = .
" Yig, U, az + (05 )/
(G =2,3,...,n1),
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n-1
and let a. =-b Y B

ﬂa # 0 Ybecause of (36), (ii)).
1 k=1 n-k+l 1

The definition of f , (42), implies that the C-n-fraction algorithm

for f, f2, ceuy fn begins in the following way (application number 0):

(f 1+ ax"/g (that is f§")=g)

1+ -1

1+ [axr(l+f))/g

(45) 1.

G T A |

This shows that the first column and the entry (i)axr on the top of the

1+ @+ f+fs e+ Y)g.

second column are correct in (43) and also

fii) caLrFr P ) (=12, ., 00) f(")

The next application of the algorithm (application number 1) leads to

}ﬁl) = aa’ (1+f) = 2a2” + az" (f-1) = 2ax" + (aemgrj/g
(that is f(") g)
B6) 1) L (e + (@BPE v of P 3 e Lk nr il g

(£ =2,3, ..., n-1)

AN g g

\

Only the last line of (46) needs comment.

Multiplication of (35), with g substituted for Y , by g - bx’®

leads to

(47) gn+l St = ni} 0 .st n-j L, (n+l)s
—a N=J
J=1

Successive application of (L) for j =n-1, n-2, ..., 2, 1 yields,
combined with (47),
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. , n-1,n s n-1 n-2y, n _
U, )ig=0,.,9 [g = [an_lxg U o9 ]/g = ..

-1 .
-7 1 1
el = .21 an_jxasgn J+bn+\x(n+ )s}/gn =g-1;
J:

that is the last line of (k6).
The result of (46) gives the second column and the entry [g]azxer on

the top of the third column of (43), and

A = PRI v o 3P v )},

(£ =1, 2, «u., n-2) , fén_l) - . fén) -g.

The remaining part of the proof is now relatively simple: each time
the C-n-fraction algorithm is applied, another U appears until we get

(after application number 7n - 1 ):

fﬁf) =u, (£=1,2, ..., 1), fifi =g.

After that application, the algorithm is purely periodic with period
length 1; from (44) we find, for v=n ,

'f(i) =V, (£=1,2, ..., n-1) ,

v 1
f\()") =g,
18) A o g MmmDe il (nidey, [fiﬂ] ;
fﬂi) - aix(n—i)s N {fﬁiil)]/(f£21) (£=2,3, ..., n-1) ,

77 = [

\
That the entries of (43) on the jth anti-diagonal (starting at the jth
1 of the first column, counted from the top entry) slanting upwards under

/4 rad. actually are the monomials that appear in the expansion of

(1+axr)J by the binomial theorem, can easily be proved by induction (and
j-l r j

endurance) using . [k) = [k+l] (, k €N, j = k+1) ; this is left to
r=k

the reader. o
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THEOREM 6. Let f be the formal power series from Definition 2.
Then there exists just ome relation between 1, f, fz, eeey 1 over Qlx)

(namely, equation (38)) and the C-n-fraction for f, f‘2,...., fn has just
one interruption of order 1 .

This C-n-fraction has the form

( 1 2y 2 op 3.3 -2} n-2 (n-2
(l)a:z:r (2]a x [3)a 3T Z_2Jan (n-2)r
2 r 3y 2 2r (-1 n- 2
1 B’ Qe "3
3 r ) | n | n- 2
1 (l)a:z: . . . - z)a
1 ’ [n-l)a3x3r (- ]an 3
(49) ' 3 -
[n;l) 222 G)a3 37
[nil)axp @azxzr [n;l] 2 [n;l)aZer'
r n-1 r n-1 r n-1 r
I T
§! 1 1 1 1
[Z:i] an-lx( n-1l)r (:) I o

(nrzl] an—lx(n-l)r [::ﬂ an—lx(n—l)r [Z:ﬂ an-lx(n-l r

[Z::zL] an—2x(n-2 Yo [::;) an-2x(n—2 )r [Z:;’;) an—2x(n-2 )r

n-1} 2 2r n-1l) 2 2r n-1} 2 2r
G e N X
n=1 r n-1 r n-1 r
[ 1 )““ [ 1 ]"‘” { 1 )“”
1 1 1
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0 v

n-1) 2 2»r
()%
n-1 r

: [l]wc

. e & l ---J

Proof. That there is just one dependence relation follows at once
from Remark L4; this implies, by Theorem 3, that there is at most one
interruption of order 1 . Application number O of the algorithm gives,

combined with (38),

1+ f-1=1+ (fn-fn-l)/fn_l=l+axr/fn_l
(that is, fy’) = f1 )

w,
n

A
W
tw]
2
e
o
[}

1+f2-1

1+ (axr(l+f))/fn_l s

P11 =14+(@@+r+FfF+ .+ FY)AL.
Thus fii)=azr(l+f+f2+...+fi) (Z=1,2, ..., n-1) ,

fin) = fn'l . Application number 1 leads to
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'fil) = axf (1+f) = 2aa” + a 2 /fn (that is, fén) fn-l )
fﬁi) = (i+1)ax’
(51) | v (P s 22 33 4 s (ie)f ii)/f”'l
(£=2,3, ..., n-1) ,
M e @ P e )

which shows

f(i) = a2x2r{fi + 2fi'l + 3 -2 . if + (£+1)}
(£ =1,2, ..., n=2) ,
(52) Tf'gl_l) il Al T A SRR 1) ,

fén) _ fn—l

After a cumbersome proof by induction we get, for k =2, 3, ..., n-1 ,

( fz(:) X kr{ (k l]f;- [k+l)f7,—

| + [k” 2]f+ (k;:;l}} (£ =1, 2, ..., nk)
R et e T

J-
* [j:ﬂf+ [Zii)} (= k-1, k=2, ..., 1)

A=t

Now (53) leads to

’ fil) = an_lx(n_l)r >
(54) 1fn a’a{f" * J'-l]fn ' (‘7 fn
S ) e
£ ot

after which the appearance of an interruption of order 1 1is clear: fﬁl)

is a monomial.

https://doi.org/10.1017/50004972700008716 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700008716

The interruption phenomenon 271

Application of the algorithm to (54) gives

S ()

J J-1
-
(55) + [J.:f]f+ G‘_ﬂ} G = n-2, n-3, ..., 1) ,
(n) -1
fon =70

and further applications do not change the (n-1)-tuple

(56) A8 -

" f(t) (£ =2,3, ..., n; V=n+2, nt3, ...)

n+l

The form of the C-n-fraction, (49), follows from (50), (51), and from
the first non-zero terms of the formal power series in (53), (54), (55),
and (56). (]
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