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ABSTRACT. The generali zed Glen's law < = <OT" exp (klJ ) is used to calculate the horizonta l and verti ca l 
velocity profiles and from these the temperature a nd age profi les of cold ice sheets. It is shown that, by 
substituting for IJ a fun ction increasing linearl y with height, veloc ity profiles for a ll ice sheets a re obta ined 
which represent excellent a pproxima tions to the true ones, since, above a cri tical height he where the deviation 
from linea rity becomes la rge, the inAuence of tempera ture on ice Aow becomes negl igible. In a compa rison 
of the present theory with R obin 's ( 1955) treatment a larger tempera ture difference I:!. T of up to 3000 is 
obta ined. Furthermore the present theory yields an age considerabl y increased compa red with Nye's model; 
e.g. more than 50°0 at a rela ti ve height of hjH = o· I . 

REs ME. Sur les profils de temperature et d'tige dans la regiol! centrale des calolles glaciaires. La loi generalisee 
d e Glen < = <OT" exp (klJ ) est employee pour calculer les profil d e ,·ites e horizontale e t ver ticale e t, a partir 
d 'eux, les profils de tempera ture e t d'age des ca lolles glaciaires froides. 11 est demontre q u'on peut ob tenir 
des profils d e vitesse qui represen tent des approximations excellen tes d es profi ls reels pour toutes les ca lo ttes, si 
I'on substitue a IJ une fonction qui croit lincairement avec la ha uteur a u-dessus du lit rocheux. Au-dessus 
d'une ha uteur critique he, ou la temperature rcelle s'ccarte de la linea ritc, l' inAuence d e la tem pera ture sur 
le Auage de la glace es t en effet negligeable. En comparant la presente lheorie avec celle d e R obin (1955) on 
obtient des differences de tem pera ture I:!. T, qui peuvent etre j usqu'a 30 00 plus grandes. La theorie permet 
en plus de calculcr I' age de la glace q ui es t cons iderab lement superieur a I'age calcule d'aprcs le modelc d e 
"lye; pa r exemple il est plus de 500 0 superieur a une hauteur relative hjH = o · 1 au-dessus du lit rocheux. 

Z USAMM ENFASSUNG. Uber das T emj}eratur- lIIul Altersprofil des Eises im '::::pltralbereich kaller Eiskalotten. Die 
allgemeine Form des Glen 'schen Gesetzes E = <OT" exp (kO) wurde benlitzt, um die Profi le der H orizon ta l
und der V ertika lgeschwindigkeiten und von diesen die Tempera tur- und Altersprofi le zu berechn en. Es 
wird gezeigt, dass durch Substitut ion von 0 d urch eine linea r mit d er H ohe anste igende Funktion Gesch
windigkeitsprofi le. flir a lle Eiskappen erha ltcn werden, welche die wah ren Verha ltnisse ausgezeichnet 
approximieren . Uber einer kriti ch en H ohe he, wo die Abweichung von der Linearita t gross wird , ist der 
EinAuss d er Tcmperatur a uf das Fliessen d es Eises schon vernachlass igbar klein. Beim Vergleich der 
bcschriebenen Theorie mit derj enigen von R obin ( 1955) erhalt man T emperaturdiffercnzen D. T, die bis zu 
30% grosser sind. Ausserdem ergibt die je tzige Theorie Eisa lter, welche gegenliber denjenigen d es :\'ye
'vlodells erheblich hoher liegen ; z.B. ergibt si ch fCIr eine rela ti ve H ohe liber dem F clsboden von hjH = o · 1 

cin um mehr a ls 50 % hoheres Eisa lter. 

1. INTRODUCTION 

Concerning the movement of large ice sheets, two limiting cases have been calculated , 
pure gliding over the bedrock (Nye, 1952) and the behaviour of the ice like a Newtonian 
liquid (Philberth , 1956). These can both be considered special cases of Glen 's law, with the 
exponent n = 00 and n = 1 respectively. A has been shown by H aefeli ( 196 1[a) , [b) ) and 
by Philberth a nd Federer (1970), an excellent agreement with the real surface profile of the 
Greenland ice sheet is obtained if the exponent is taken as n = 3.5. 

The temperature profile depends on the horizontal and the vertical velocity profiles 
(R obin, 1955). Th ese velocitie are functions of the shear train -rate, which is itself a fun ction 
of the shear stress and the temperature. An exact calculation of the mutual dependence of 
temperature and velocity profiles would lead to very complicated expression. Therefore one 
has to rely on simplified models. In the following we shall present such a model, which is 
sufficiently accurate and relatively simple. 

Since the fundamental calculation of the temperature profile by R obin (1955), a number 
of different refinements have been published (Weertman, 196 1, 1968; Lliboutry, [968). 
But so far the significance of the vertical velocity for the temperature profile has not been 
taken in to account sufficiently. Generally one still uses the simplified as umption that the 
vertical velocity decreases in proportion to the distance from the bedrock. This assumption 
leads to a rather imprecise temperature profile. In a recent paper by Dansgaard and] ohnsen 
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( lg6g[b] ) the vertical velocity VI! has been calculated from a simplified vx-profile by use of 
the continuity equation for incompressible media. The simplification consists in the assump
tion, lhat Vx increases linearly up to a certain height from the bedrock and then remains 
constant up to the surface. If this height is chosen correctly, the derived VI! is a good approxi
mation to the true VI!. It is difficult, however, to determine the value of this height, if the 
vx-profile is not known from measurement or from the theory. Dansgaard and Johnsen 
( I g6g[ a] ) also calculate the temperature profile with their improved function for VI!, and 
obtain good agreement with measurement. In the vicinity of the bedrock the vertical 
temperature gradient is approximately given by the sum of geothermal heat and the heat of 
friction, divided by the thermal conductivity of the ice (Nye, 1951; Lliboutry, Ig68) . Above 
this lower region the temperature profile has a mono tonic curvature. The curvature lies in 
the region where the conflict between heat conduction from the lower parts and transport 
of cold ice from above is most pronounced, i.e. where the product of height h above the 
bedrock and vertical velocity VI! of the ice has an absolute value of the order of the diffusivity 
K of the ice (cf. Appendix A) . The vertical velocity VI! in this region has a large influence on 
the temperature profile. Thus the calculations in this paper aim at a more accurate estimate 
of the vertical velocity in this region. 

11. SYMBOLS USED IN THIS PAPER 

Symbol 
x 
h 
A 
- A 
Vx 

Vx rn 

VI! 

-VH 

y = kG (H - h) 
Y = kGH 
H 
H o 
he 

e 
g 
p 
G 
Go 
Gg 

Gr 
n 
K 

t 

Ps 
Q* 

Units 
km 
m 
m a - I 
m a - I 
m a - I 
ma- I 
m a - I 
m a - I 

m 
m 
m 

bar 
bar 

m s- z 
Mgm- 3 

deg m - I 
deg m - I 
dcg m - I 
deg m - I 

a 
bar 
J mol- I 

Description 
Horizontal coordinate, distance from ice divide. 
Vertical coordinate, height above bedrock. 
Long-time average of total accumulation (in ice thickness) . 
V ertical downward velocity, measured from the surface. 
Horizontal velocity. 
Mean horizontal velocity. 
Vertical ve locity. 
Vertical downward velocity in the immediate vicinity of the 
surface for a profile which moves with Vx m. 

Running dimensionless depth parameter. 
Full dimensionless depth parameter. 
Total height of ice sheet, H = H (x) . 
Standard total height (2 500 m ). 
Critical height, where curvature of temperature profile has its 
maximum. 
Longitudinal stress. 
Shear stresses. 
Shear strain-rates. 
Base of natural logarithm. 
Acceleration due to gravity. 
Density of ice. 
Real thermal gradient near the bottom. 
Standard value of G (1/44 deg m - I) . 
Geothermal gradient. 
Thermal gradient due to heat generation in shear layer. 
Stres exponent. 
Thermal diffusivity of ice (38 m Z a- I) . 
Age of the ice. 
Hydrostatic pressure. 
Activation energy of creep. 
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Symbol 
R 
k 
T 
Tn 

TEMPERATURE AND AGE PROFILE S OF I CE SHEET 

Units 
J mol - I deg- I 

deg- r 

K 
K 

Description 
Universal gas content. 
T emperature coefficien t. (0. 1- 0.25 deg- I ) . 

Temperature. 
T emperature a t the bottom. 

5 

ilT deg R eal temperature difference between bedrock and a point 
vertically above. 

ilTo deg T emperature difference a read from Table I. 
Pressure melting point. S 

8 

a 

f3 

K 
deg 

0 

0 

Difference between actual temperature and pressure melting 
point. 

cp (y, n 
Surface lope relative to horizontal plane. 
Slope of bedrock relative to horizontal plane. 
Profile function for horizontal flow . 

.J; (y, n Profile function for vertica l flow. 

Ill. ASSUMPTIONS 

( I) The surface slope a and its hori zonta l gradient Ga/ex are small. 
(2) The bedrock is horizonta l (f3 = 0). 
(3) The ice sheet does not glide over the bedrock (vx = 0 at h = 0) . 
(4) The density p is constant throughout the ice sheet. 
(5) aTjax and aG/ax are very small. 

I a( ax- a y) 
(6) The horizontal gradient of the longitudinal stress - 2 is very small. 

2 x 
(7) The horizon tal gradient of the accumulation 2A/ax is small. 
(8) Only the two-dimensional case is considered. 
(9) All the values are stationary. 
Assumption (2) is made to simplify the calculation , a lthough these will be approximately 

valid for small f3 and very small af3/ax. If f3 # 0 the x-coordinate is parallel and the h
coordinate orthogonal to the bedrock. For the case of a circular ice sheet the same values for 
VIt, aT /ah, T a nd t are obtained if the linear distance x is changed into the radial distance r. 

The validity of assumption (6) is a matter of discussion in the vicinity of the ice di vide, 
and also in the outer regions of ice shee ts where ice fl ows (Haefeli , 1968) a nd other types of 
spatial instabiliti es (Lliboutry, 1968) may occur. 

IV. CALCU LATIONS 

W e start from the generalized Glen 's law (W eertman, 1968) : 

E = EOT1I exp (- Q*/RT). 
In the region of interes t the temperature interval and the gradient of the pressure melting 
point are relatively small, so we can use (Budd, 1968; Llibo utry, 1968) : 

E = EOT1I exp {k (T - S)}. ( I ) 
Now for Tin equation (I) we use the linear expression 

T = - hG+ T B . 

The pressure melting poin t depends on H - h. This dependence being very small , however, 
we shall neglect it, so that S depends only on x . For the factor G we put numerically the 
geothermal gradient Gg or, for the case of an additional heat of friction , Gg + Gr. If heat of 
friction is present the linear form (2) differs slightly from the true temperature profile in the 
immediate vicinity of the bedrock, because the heat of fri ction is not formed at the interface 
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between bedrock and ice, but in the lowermost layers; the deviation from the linear profile, 
however, is small (Lliboutry, I g68). 

Above a certain heigh t he the linear form (2) ceases to be a valid description of the true 
temperature profile. evertheless we can use Equation (2) for a rather precise calculation 
of Vx and Vh in the whole range of h. This is proved in Appendix A. 

Using assumption (6) and Equation (BI ) (see Appendix B) one obtains, upon integration 

T x h = pg sin a(H - h). (3) 

A shown in Appendix B, Equation (3) can be inserted into Equa tion (I) which becomes 

ovx/oh = Eo( pg sin a)n exp {k ( TB - S )}(H - h)n exp (- kGh). (4) 

In the following, the movement of the ice will not be calculated from the slope a but by means 
of the mass budget. The first three factors of Equation (4) are m erely a function f(x) which 
is of no further interest. With n = 3 Equation (4) becomes: 

ovx/oh = f (x)(H - h)3 exp (- kGh). (5) 

Upon substitution of Y = kGH andy = kG (H - h), integration of Equation (5) gives 
x 

Vx = J A dx H - I,p(y, y) = vx m,p(y, y), 
o 

where Vx m is the mean value of Vx a nd 

with 

and 

,p (y, y) = re - Cl exp (y-y) (y3- 3f+ 6y - 6) +C2], 

Cl = (Y 4-4Y3+ 12Y2_ 24Y + 24- 24/eY)-I, 
Cz = CI(Y 3-3 yz+ 6Y- 6). 

Differentiation of Equation (6) with respect to x yields: 

oVx oVxm o,p 
2x = ,p Tx+Vxm ox' 

or 

OVx = "'AH-I_V oH (l_!i) 
ox 'I' xm ox H oH . 

(6) 

The third term in Equation (7) is smaller than the second term for all values ofy, Yand x, 
but in the central region both terms are small compared with the first one. In many cases, 
especially if H > 2 000 m , the o,p/oH term is only a small (positive) correction to the ,p/H 
term so that we shall neglect it in further calculations. 

Equation (7) now reads 

W e define 

or: 

oH 
-VH = A-vxm ox' 

-VH ~ A (I -!... OH) 
H ox ' 

(8) 

(g) 

(ga) 

where Vx m oH /ox is the change of ice thickness per unit time considered for a profile which 
moves with the mean horizontal velocity Vxm, and -VH is the vertical downward velocity of 
ice particles in the immediate vicinity of the surface considered for a profile which moves 
with the mean horizontal velocity Vx m. -VH is measured from a horizontal plane and in 
the case of f3 =F 0 from a plane parallel to the bedrock. 
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Under normal conditions -Vxm oH/ox increases a little m ore than linearly with x, while 
A can be assumed to be almost independent of x. Therefore V J[ is nearly cons tant as long as 
A in Equation (g) is the predominant term, i .e., according to Equation (ga), as long as 

H 
x ~ loH/oxl. (10) 

Because of assumption (4) the continuity equation can be written 

div v = 0 , oVx/ox = -Gv,,/oh. 
In tegration of Equation (8) and using Equation (g) yields: 

VII = VH r/; (y, r) 
where 

r/; (y, r) = Cl e
y- r(yJ- 6f + 18Y- 24) - Cz.Y+ 24CI /e r + J. (II ) 

The equation of stationary hea t transport reads: 

I 
\7zT = - v grad T. 

K 

. . . . aT oz T 
Under the conditIOn (10) and WIth assumptIOn (5), ~ and - -:> - can be neglected. On the 

uX uxZ 

E.G.I.G. profile in Greenland, for example, the gradient oTB/ox is very small (Philberth 
and Federer, 1970). Equation (12) now reads: 

ozT VII oT 
K oh' 

which yields, upon integration, 

where 

oT [ IVHHI Cl { r Czf 24Y Y }] - = - C exp -- - eY - (y 3-gf + 36y - 60) - - + - + - - C oh K r 2C, er C, J 

C3 = r 3-9rz + 36r- 60 - CzrZ/2C, + 24Yfe"+ YfC,. 
From Equation (13) the temperatures at a ll heights are obtained by integration; 

h 

J
oT 

T (h) = T B+ ch dh, 
o o 

( 12a) 

The age t of the ice at any height can be calculated by means of the vertical velocity relative 
to the surface, i. e . - A r/; (y, r) (see Equation ( 11 )) . 

h h/H 

I I H J d(h/H ) 
t = -Ar/;(y, r) dh = A - r/;{r ( I -Iz/H ), rr ( 15) 

H 

The integrals in Equations (14) and (15) do not have exact solutions ( ee a lso R obin, 1955). 
The values for T (h) and for the age t were therefore calculated on the digital computer 
CDC 1604 of the R echenzentrum der E.T.H., Zurich. 

v. R ESULTS 

The values calculated with Equations ( 13) a nd (15) are shown in Tables I a nd H. In 
6.TC H 

order to obtain the maximum information from Table I the product 6. T o = cit 0 is 

given for 7 values of r = kCH a a function of the relative heights h/H for thin 
( Iv}[H I = 75 rnZ a- I), medium ( IvHHI = 375 and 750 m Z a- I) and thick (IvHHI = 
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1 500 m 2 a - l) Ice sheets. /::;.T IS the difference between the tempera tures at the 
bedrock and the height h/H, Co is the standard thermal gradient taken as 1/44 deg m -' and 
Ho = '2 500 m . In order to find /::;. T for any thermal gradient C at the bedrock and any 
total height H of a particular point on a n ice sheet, the value of /::;. To, which is read from the 
a ppropriate Table, has to be multiplied by 44CH/'2 500 deg- ', so that 

/::;.T = /::;'To(CHq6 x 10- 2 deg- ') . (16) 

Values of /vHH / which are between those given In Table I , a- d , are best interpolated 
graphically, where one has to note that, by Equa tion (13), for /v JiH / = 0, /::;.T = Ch and 
for v JiH = ex): /::;. T = o. Column (1) for r = ex) gives the temperature profil e of R obin 
(1955), while column (7) for r = 0 represents the temperature profile obtained by Glen's 
law E = const. 7'3. 

TAB LE I. TE MPER AT URE DIFFE RENCES To I N DEG REES BETW EEN BED ROC K AND THE RELATIVE H E[G H T h/H, 
FOR Ho AND Go. 

(a) IVH . H I = 751112 a- I 

(1) ('2 ) (3) 
h/H r = 00 '25 ' 4.'2 

42.6 43·4 43.8 
0·95 4 1.5 42.2 42 .7 
o.g 40.3 4 1.0 4 1.4 
0.85 38·9 3g .6 40.0 
0.8 37 .5 38. I 38.5 
0·75 35·9 36.4 36.8 
0·7 34·'2 34·7 35.0 
0.65 32.4 32 .9 33. I 
0.6 30.5 30·9 3 I . , 
0 ·55 28·4 28 .8 2g .0 
0·5 26.3 26.6 26.7 
0·45 24.0 24.2 24·3 
0.4 21.6 2 1.8 2 1.9 
0·35 19. 1 19·3 ' 94 
0.3 16.6 16.7 16.7 
0.25 13·9 '4·0 14.0 
0.2 I 1.2 I 1.3 11 .3 
0. 15 8·5 8·5 8.5 
0.1 5·7 5·7 5·7 
0.05 2.8 2.8 2.8 
o 000 

(c) [VH. H I = 750 rn2 a- I 

( I ) (2) (3) 
h/H r = 00 25 ' 4.2 

16. 1 17.6 18.3 
0.95 16. 1 17.6 18.3 
o.g 16.1 17.6 18.3 
0.85 16. 1 17.6 18.3 
0.8 16. 1 17.6 18.3 
0.75 16. 1 17·6 18·3 
0· 7 16. 1 17.5 18·3 
0 .65 16.0 17.5 18.2 
0.6 16.0 17.4 18. 1 
0·55 15·9 ' 7·3 18.0 
0·5 15·7 ' 7.0 17·7 
0·45 ' 5-4 16.6 17.2 
0.4 14.9 16.0 16.6 
0.35 14.2 ' 5.2 15.6 
0·3 13.2 14.0 ' 4·3 
0.25 11.8 12.4 12. 7 
0.2 10. 1 10.5 10.6 
0. 15 8.0 8.2 8.2 
0. 1 5.5 5.6 5.6 
0.05 2.8 2.8 2.8 
o 000 

(4) 
8·5 
44·4 
43. 1 

4 1.8 
40 .4 
38.8 
37. 1 

35·3 
334 
3 1.3 
2g.2 
26.g 
'24·5 
22.0 
19·4 
16.8 
' 4. 1 

11.3 
8·5 
5·7 
2.8 
o 

(5) 
5 

45.0 

43·7 
42-4 
4°·9 
39·3 
37·5 
35·7 
33·7 
3 1.6 
29·4 
27. 1 

24.6 
22. 1 
' 9 ·5 
16.8 
' 4. 1 

I 1.3 
8·5 
5·7 
2.8 
o 

(6) 
0.83 

45 ·9 
44.6 
43 .2 

4 1.6 
40 .0 

38. 1 

36 .2 

34.2 

32 .0 

29·7 
27 ·3 
24.8 
22 .2 
19.6 
16·9 
14. 1 

II .3 
8·5 
5·7 
2.8 
o 

(7) 
o 

46.2 

44·9 
43-4 
4 1.9 
40 .2 

38.3 
37-4 
34·3 
32. I 
2g.8 
27-4 
24·9 
22 ·3 
19.6 
16·9 
14 . 1 

11.3 
8·5 
5·7 
2.8 
o 

(4) (5) (6) (7) 
8·5 5 0 .83 0 

Ig.2 20.0 2 1.8 22.3 
'9.2 20.0 2 1.8 22.3 
Ig.2 20.0 2 1.8 22.3 
I g.2 20.0 2 1.8 22.3 
Ig.2 20.0 2 1.7 22 .2 
' 9.2 20.0 21.7 22.2 
' 9. 1 19.9 2 1.6 22. 1 
' 9. 1 ' 9.9 2 1.5 22 .0 
18.9 ' 9.7 2 1.3 2 1.8 
18.7 ' 9.5 2 1.0 2 1.4 
18.4 ' 9. 1 20·5 20.g 
' 7.9 18·5 19·7 20 .0 
'7 .2 17. 7 18.7 18·9 
16. 1 16.5 '7 ·3 ' 7-4 
14.7 15.0 15.6 15.6 
12·9 ' 3.1 ' 3·4 ' 3·5 
10.8 10.g 11.0 11.0 
8·3 8 ·3 84 8.4 
5.6 5·7 5·7 5·7 
2.8 2.8 2.8 2.8 
o 000 

(b) I Vu . H I = 375 1112 a- I 

(1) (2) (3) (4) (5) (6) 
0.83 
28·4 
28·3 
28.2 
28.1 
27·9 
27 .6 
27.2 
26.6 
25.8 
24·9 
23 ·7 
22.2 

00 25 14.2 8·53 5 
26.6 
26·5 
26-4 
26·3 
26.2 

22·7 24· I 24.8 25· 7 
22·7 24. 1 24.8 25.7 
22 .6 24.0 24.8 25.6 
22.6 23.9 24· 7 25 ·5 
22·5 23 .8 24·5 25·4 
22·3 23·7 244 25.2 
22. I 23.4 24.1 24.9 
2 1.8 23 .1 23.6 24.4 
2 1.4 22 .6 23.2 23.9 
20.g 2 I .g 22.5 23. I 
20.1 21. 1 2 1.6 22 .2 

25·9 
25.6 
25 .2 
24·5 
23.8 
22 ·7 
2 1.4 
19·9 
18.0 

' 9. 1 20. 1 20.5 2 1.0 
18.0 18.8 ' 9. 1 19.5 20·5 

18·5 
16.2 
13.8 
I 1.2 
8·5 

16·5 '7 .2 17.5 17.8 
14·9 ' 5·4 15.6 15.8 15·9 

13.6 
I I. I 

12·9 ' 3.2 134 ' 3·5 
10.7 10.9 I 1.0 1 1. 1 
8.2 8.3 8.4 8.4 8-4 

5·7 
2.8 
o 

5.6 5.6 5.6 5·7 5·7 
2.8 
o 

2.8 2.8 2.8 2.8 
o o o o 

(d) [vu . H [ ' 500 m 2 a- I 

( I) (2) (3) (4) (5) (6) 
00 25 ' 4.2 8 .5 5 0.83 

11.4 12.9 13.6 ' 4.4 ' 5.2 16.8 
11.4 12.9 13.6 '4.4 ' 5.2 16.8 
11.4 12.g ' 3.6 ' 4.4 ' 5.2 16.8 
11.4 [2.9 13.6 ' 4 ·4 ' 5.2 16.8 
11.4 12.9 13.6 ' 4 -4 ' 5. 2 16.8 
11.4 12 .9 13.6 144 ' 5.2 16.8 
" 4 12·9 13.6 14.4 ' 5.2 16.8 
11.4 12·9 13.6 14.4 15.2 16.8 
11.4 12.9 13.6 ' 4 .4 15.2 16.8 
11.4 12·9 13.6 ' 4-4 ' 5.2 16·7 
11.4 12.9 ' 3.6 [4-4 ' 5. 1 16.6 
11.4 12.8 ' 3·5 14·3 ' 5.0 16·4 
11.3 12·7 ' 3.4 14.1 ' 4.8 16.0 
11. 1 12.4 13.0 ' 3·7 ' 4 ·3 [5·3 
10.7 11.9 12·4 13.0 13.4 '4.2 
10.1 11.1 [ 1.5 11.8 12.2 12 .7 
9.0 9 ·7 10 .0 10.2 10.4 10.7 
7·5 7·9 8.0 8. [ 8.2 8.3 
5·3 5·5 5.6 5.6 5.6 5.6 
2.8 2.8 2.8 2.8 2.8 2.8 
o 0 o 0 0 0 

(7) 
o 

28·9 
28.8 
28·7 
28.6 
284 
28.0 
27.6 
27.0 
26.2 
25 .2 

23·9 
224 
20.6 
18.6 
[6·3 
13.8 
I 1. 2 

8·5 
5·7 
2.8 
o 

https://doi.org/10.3189/S0022143000012958 Published online by Cambridge University Press

https://doi.org/10.3189/S0022143000012958


TEMPERAT UR E A ND AGE PROFILE S OF I CE SHEET S 9 

T A DLE n . A C E O F I CE IN YEA RS AS A FUNCTION OF RELATIVE HEICHT "/H. TH E VAL UES R E FER TO H/A = 2500 a 

( I ) (2) (3) (4) (5) (6) (7) 
h/H y = 00 25 14 .2 8·5 5 0 .83 y = o 

0 0 0 0 0 0 0 

0·95 128 128 128 129 129 129 129 
0·9 263 264 264 265 265 266 26 7 
0.85 406 408 408 409 411 4 14 4 15 
0 .8 558 560 562 564 56 7 573 575 
0· 75 7 19 723 726 730 734 745 749 
0·7 892 898 903 908 9 15 933 940 
0.65 1 080 1 090 1 094 I 102 I 1 12 I 140 I 150 
0 .6 1 280 1290 1 300 1 3 13 1 330 1 370 1 380 
0 ·55 1 500 1 520 1 530 1546 1 569 1630 1 650 
0·5 1 730 I 760 I 780 1 810 1 840 1 920 1 954 
0·45 2000 2040 2060 2 lOO 2 140 2260 23 10 
0·4 2290 2350 2380 2430 2500 2670 2730 
0·35 2630 2 700 2760 2820 29 10 3 160 3 250 
0 ·3 3 0 10 3 120 3 200 3300 3430 3780 3900 
0.25 3 470 3 620 3740 3 890 4 080 4 600 4780 
0.2 4 030 4 260 4440 4 6 70 4970 5 750 6030 
0 .15 4 760 5 140 5 430 5 8 10 6300 7560 8010 
0 .1 5 780 6500 7 060 7780 8670 10 960 I 1 770 
0.05 7 550 9500 10 950 12 770 14960 20 530 22500 
0.0 1 I 1 890 25900 35 200 46 300 59400 92 400 104 lOO 

E xample I 

If we take Station Jarl Joset, Greenland, where H = 2500 m , IVHI = 0. 3 m of ice a - I, 
k = 0.1 deg- I and G = 1/30 deg m-I, we have to use Table l c ( IVH HI = 750), column (4) . 
6. T o a t I 500 m above ground (h/H = 0.6), i.e. I 000 m below the surface is 18.9 deg. So 
the real 6. T becomes 

6. T = 18.9 X 1/30 X 2500 X 1.76 X ro- Z = 27.8 deg. 

At a height of 1 500 m above the bedrock, i.e. at a depth of I 000 m, a temperature of - 30.0oe 
has been measured (Philberth, 1970). Therefore the bottom temperature at Station Jarl-Joset 
is - 30.0 + 27.8 = - 2.2 °e , which is slightly below the pressure m elting point. 

E xample 2 

At the ice divide (Crete) in Greenland H = 3 000 m, IV lI l = 0.25 m of ice a - I, 
G = 1/44 deg/m and k = 0.15 deg- I

. 

Table lc gives for h/H = I and Y = 10.2 an interpolated value of 6. T o = 18.7 deg, so 
that, according to Equation (16) : 

6. T = 22 .4 deg, 

which is the temperature difference between the bedrock and the surface. In comparison, 
Robin's (1955) paper gives 6. T = 19.4 deg. 

Example 3 
According to Haefeli (1961 [b] ) the center of the Jungfraujoch Eiskalotte has the following 

values : H = 50m, IVHI = I.5 ma- l, G = I /44degm-1 and k = 0.15deg-l, so that 
IV J/HI = 75mz a- 1 and Y = 0.I]. In order to find the temperature difference between 
bedrock and surface we u e Table la, column (7) which yield 6. T o = 46.2 deg and 
6. T = 0.93 deg for the temperature difference over the whole thickness . 

E xample 4 
In order to obtain the age at h/H = 0.1 for a station with k = 0 .1 deg- I, G = 1/50 deg 

m- I, H = 400 m and A = 0.6 m of ice a- I we have to use column (6) of Table II which 
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yields 10960 a. This is the value for H /A = 2 500 a. For the present values, i.e. for 
H /A = 400/0.6 a the age is 

I 0 960 X 400 X I 
t = 6 = 2 920 years 40 m above the bedrock. 

o. X2500 

With Nye's model (column (I)), an age of 1 540 years would be obtained . 

Example 5 
According to Hansen and Langway (1966), the temperature difference between the 

bedrock and the surface at Camp Century is i1 T = I 1.0 deg. Let us compare this value 
with the one given by the present theory. 

1400 

1200 

1000 

E 
L-I 

E 800 o 

o 
.0 

E 600 
o 
~ 

::; 400 
c 
co 
V1 

0
200 

h/H 
0,9 

'0,7 

0,5 

0.3 

0,1 

I 

\ ~Robin theory 

I · 

~\ 
I~\\ 
~ ~ 

weertmA 
'~ Measured 

, I 
~ Present theory 

.~ 
~ 

~ 

~ ~ ~'~ 
~ .... 

-2C -22 0 -20 0 -18 0 

Temperature , OC 

Fig. I. M easured (by B. L. Hansen) and theoretical temperatllre profiles for the Camp Century bore hole. 

According to Weertman (1968), H = 1400 m, k = 0.1 deg- I , G = 1/56 deg m - I and 
IVHI = 0·36ma- I; thus IVHHI = 504 m 2 a- I and r = 2.5. To obtain the i1To for these 
values, we have to interpolate in each Table a- d the individual t,. To's between columns (5) 
and (6) and plot them on logarithmic paper. From the plot t,. To = 24.5 deg is obtained for 
IVH HI = 504. This yields a t,. T = 10.8 deg which is in good agreement with the measured 
i1T. 

Since in Camp Century there exists a measured temperature profile, we compare in 
Figure I the temperature profile obtained by the present theory with the measurement. 
Figure I also shows the temperature profiles obtained by Robin (1955) and Weertman 
(1968). For the special case of Camp Century, Weertman used the shear stress and the 

https://doi.org/10.3189/S0022143000012958 Published online by Cambridge University Press

https://doi.org/10.3189/S0022143000012958


TEM P E R AT R E AND AGE PR O FIL ES OF I C E S H E ET S I I 

temperature to calcula te oVa;/ah and Va; . From our Equation (5) we ob tain exactly the same 
Va; profi le. But W eer tman does not use this Va; profil e to determine v" for the calcul ation of 
the temperature and age profil e . Instead he uses-as did R obin- the simpler eq uation 
v" = vHh/H based on Nye' theory, which yields v" value which are too large. Therefore, 
the temperatures ob tained by R obin and Weertman are too low (Fig. I) a nd the ages 
ob tained by Nye's theory are too small (Fig. 2). 
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0 
.D 
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u 
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41 0 0,3 

I 
2 74 0,2 

137 0,1 

68,5 0,05 

h/ H 

13,7 
500 

r-~ 

~ 

1000 

~ 
'~ 

-'f0 
I'\.. 

1' , ~ 
~~ Measured by - !--

\ ~~ Dansg aard and 

\ '~ John<e n 

Nye's th eory \ --t-- ,. 
".~ , 

\ 

'" \ '" Present . ~ , f'., \ 
t heory , , 

\ 1", 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 

5000 10000 50000 
Age in years b. p. 

Fig. 2 . M easured (by D ansgaard and J ohnsen) and theoretical age profiles for the Camp Century bore hole. The distance iT! 
metres from bottom refers to a total ice value of [ 370 m. 

Dansgaard and J ohnsen ( Ig5g[a] ) have used the measured age profil e for the determina
tion of the Va; a nd tempera ture profi les (see below). The resul ting curve does not differ 
appreciab ly from our temperature profi le. 

Figure 2 shows the age profil es . Dansgaard and J ohnsen ( l g6g[b] ) used for their 
calculation a linearized Va; profile, the parameter h of which is chosen such that their age 
profile is identical with their m easured values. For the most im por tant range below 300 m 
above the bedrock, this requires Va; va lues which differ considerably from the V:c profi les 
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given by Weertman and by the present theory. The difference between the measurement 
and the present theory implies that, for the conditions at Camp Century, the value for the 
temperature coefficient k must be smaller than 0.1 deg- I . 

VI. DISCUSSION 

In previous papers the profiles for the temperature and the age have been calculated 
from vx-functions which have either been special cases (Dansgaard and Johnsen, 1969[a] , 
Cb] ) or rough approximations (Robin, 1955). In contrast, Equation (5) is a relatively simple 
function for Vx which sufficiently takes into account the influences of temperature and shear 
stress. Possibly there is no simpler function for Vx which yields satisfactory temperature 
and age profiles for all real values of H , A and G, because there exist ice shee ts where the 
temperature influence is predominant (large kGH ) and those where the shear-stress influence 
is predominant (small kGH ) and those in between the two cases. The Tables and the examples 
show that the temperature and age profiles for these cases differ widely. In the columns (I) 
of the Tables the Nye flow model (ovx/oh = 0) and in the columns (7) the flow according 
to Glen 's TLJaw are given as limiting cases (kGH = co and kGH = 0 respectively). 

Equation (9) shows that -VH differs from - A if Vxm and 'OH /'Ox are both non-zero. The 
temperature profile (13) contains v" = VH.jJ (y, y), the age profile, however, - A .jJ (y, Y). 
This difference can be viewed in the following way: 

The surface receives the accumulation A dt per unit time. Therefore each ice layer in 
the vicinity of the surface migrates by A dt below the new surface. The increase in age dt 
of an ice layer in the surface region is thus equal to the distance from the surface divided by A. 
For deeper layers the product of A with the normalized profile function .jJ (y, Y ) has to be 
taken instead of A. 

The situation is quite different in the calculation of the temperature profile. The thermal 
interaction of the different ice layers depends on their relative separation which is calculated 
from the vertical velocity v" . It is unimportant whether the separation between the layers 
is shortened because of the accumulation A or because of their movement into a region with 
decreasing total height. Both influences together result in the quantity VH and therefore 
v" = VH .jJ(y, Y ) for the calculation of the temperature profile . 

The temperature in the upper layers of ice sheets are influenced by short-time fluctuations 
of the climate. Furthermore, for x = 0 the upper layers tend to have a small negative 
temperature gradient in the downward direction (de Quervain, 1968, p . 176; vVeertman, 
1968) . Because of these reasons, the value of TB calculated by Equation (14) becomes more 
realistic if it is possible to fit the calculated part of the profile to one measured down to a 
reasonable depth. This is done [or the measured 1 000 m profile at the E.G.I.G. station 
Jar! Joset in Greenland (to be published in Nleddelelser om Cronland). 

MS. received 3 September 1969 and in revised form 16 June 1970 
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APPENDIX A 

Above a certa in height the linear form of Equation (2) differs considera bly from the true temperature profi le. 
As a cha rac teristi c height where the d evia tion becomes important, we ta ke he which is the heigh l of maximum 
curva ture of the tempera ture profil e. he can be calculated by use of the Equa tion ( 12a) 

oz T VII aT 
oh2 -; oh . (A I ) 

Differential ing with respect to h, the left-h and side becomes zero a t the maximum of the curvature: 

OZ T Vh 1 0T oVh 
o = ah2 -;+~ oh oh ' (A2) 

Using Equa tion (A I) 111 (A2) yields : 

0 = O T(~) z + .: OT OVh 
oh K K oh oh 

or 
(A3) 

If we use the a pproxima te express ion VII = -AhIH we a rrive a t the rela tionsh ip d escribed in the Introduction: 

Vhe he = -K 

and he = (d/IA)I . 
(The indices c denote the point of maximum curva ture. ) 

(A4) 

(A5) 

T hus, from the bedrock to he the linear form (Equa tion (2)) is a very good approxima lion for the true 
tempera ture profile. 

Above he the devia tion is large. If we want to use Equation (2) in the calcula tions of the horizonta l a nd 
vertica l velocity profiles, we must prove tha t, above he, the tempera tu re does not inRuence the v'" profile to any 
appreciable extent. I n order to prove this, we will show that at he the shear veloci ty ov"Joh has d ecreased by at 
leas t a fac tor I le = 0.368 with respect to its value at the bed rock (in most rea l situa tions the fa ctor is es entially 
smaller than this) . If this is the case the increase of Vx between he a nd the surface (h = H ) is very smal!. Therefore 
we a re not committing a ny importa nt error by using the li nea r form (2) which, a bove he, yields a lower tempera
tu re a nd therefore a la rger rigid ity of the ice tha n the true va lues. A la rger rigidity above he, however, furth er 
red uces the difference of v'" between h = he and h = H. 

Suppose now that the shear stra in-rate (Equation (5)) has decreased by a factor less tha n l Ie. Division of 
Equation (5) for h = he by the value for h = 0 yields : 

{(H - he)IH }3 exp ( -kGhc) < l Ie. (A6) 

From Equa tion (A5), kGhe = kGhe21he = k~7,7 and inserting this into inequality (A6) we obta in: 

( l - he/ H )3 exp ( - k~~7) < I/e. 
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If condition (A7) is fulfill ed, the linear fo rm (2) can be used in calcu lating the velocity a nd tempera ture profil es . 
It can be seen tha t (A7) is fulfilled for every poss ibl e va lue of hc/H if 

A/kCK <S; 12 (A8) 
The m agnitude of the error in Equa tion (5) cannot very well be es tima ted by using the foregoing considera tions. 
The error is equa l to the difference D between the real value of oux/oh a nd the one g iven b y Equa tion (5) . The 
fun ction D d epends on the true tempera ture profil e, which can be ca lcula ted by Equa tion (A I ) . In this way 
the fo llowing a pproximation is obta ined : 

D :o: J (X) H 3 exp (- Yh/H )(h/H )3 y zA/(6kCK). (A9) 

The p rec ise calcul a tions show that th e neglec ted terms of higher order (in the tempera ture fun ction a nd in th e 
exponentia l expression) nearl y compensa te each o ther, so that Equa tion (A9) is ra ther accura te for a ll rea l ice 
shee ts. 

Comparing E qua tion (5) with the function J (x)(H - h)" exp (- kT ), where T is the rea l tempera ture profile 
a nd n is chosen such tha t the va lues of this function are equal in the region where D has its max imum, yields the 
exponents n given in T a ble Ill. 

TABLE Ill. V ALUES FOR It IN THE FUNCTION J (x) (H- h)n exp ( - kT) CO RRESPONDING TO EQUATION (5) 

A 
leCK y = 00 25 14 .2 8.5 5 3 2 0 .83 0 

(3.0) (4.0) 3.8 3·5 3 ·3 3.2 3. 1 3 .0 (3 .0) 
3 (3.0) (5·9) (5 .2 ) 4·5 3·9 3-4 3.2 3. 1 (3 .0) 
5 (3.0) (6· 3) (5.2 ) (4·3) 3 .6 3 ·3 3 .1 (3 .0) 

10 (3.0) (4·9) 4 .0 3 .6 3.2 (3 .0) 

Numbers in brackets a re n-values for unrea l ice sheets. Only Anta rct ica and Greenla nd have Y-values > 3; 
bu t for these ice sheets A is sma ller tha n 0.35 m a - I, a nd therefore A/(kCK) <S; 3. Thus, fo r a ll ex isting ice hee ts 
Il-va lues between 3 a nd 5 are obtained. 

These es tima tes need th e following comment: R obin 's treatment is the zeroth a pproxima tion to the velocity 
profi le, because the temperature is not ta ken into account a nd Il is ta ken to be 00 . Equa tion (5) with the li near 
tempera ture profil e is the fi rst approxima tion if the exponent in Glen 's law is taken to be 3. On the o ther ha nd, 
Eq ua tion (5) is alread y the second approxima tion if it is ta ken to d escribe the true physical mechanism with the 
real tempera ture profil e instead of - Ch a nd a n exponen t n taken from T a ble Ill . 

Since la bora tory a nd fi eld experiments yield an exponent n between 3 and 4, we a rri ve at the following con
cl usion: Equa tion (5) gives a very accurate d escri p tion of the tempera ture profile for a ll ice shee ts; in ma ny 
cases (especia ll y if n :0: 3 .5) the description of the tempera ture profil e by Equation (5) is even better tha n if 
one had substituted - Ch by the true temperature pro fi le. 

APPENDIX B 

In this Appendix it is shown tha t, because of assumption (6), it is justifi ed to put Txh for T in Equa tion ( I) 
and oux/oh fo r E. In recent papers (Budd, 1968 ; N ye, 1969) de tail ed studies on the stress in ice shee ts have been 
p ublished . H ere an intuitive description of the ice Aow is g iven. The ice sheet is considered to consist of a pil e 
of thin horizontal layers. These a re subject to the shear stress Txll and the shear stra in-ra te oux/oh between the 
laye rs a nd to the longitudinal stress ax - ah and the longitudina l strain-ra te oux/ox - ouv/oy = 2 oux/ox within 
the layers. 

At the ice divide (x = 0) a, vx, oux/oh and Txl! a re zero; ax - ah a nd 2 oux/ox a re non-zero. Therefore for the 
ice divide we can sta te tha t the longitudina l stress ax- all drives the longitudinal stra in-ra te 2 oux/ox a nd the 
shear stress Txh drives the shear stra in ra te ovx/oh. This sta tement is approximatel y valid for the whole central 
region of the ice sheet. In order to prove this fact we consider , as a first a pproxima tion, n o t only T but a lso 
2 oUx/ox to be indep endent of x and consequently the longitudinal stress for the maintenance of 20Ux/OX to be like
wise independent of x. This las t mentioned longitudina l stress and the longitudina l stress ax - all both being 
independent of x a nd bo th being identica l lo r x = 0 we can conclude tha t they a re identical a lso for x =1= o . 

There eould be a n obj ection: for our proof we have neglected some values which have been ca lled sma ll . 
For large values of x these could add up to a n a mount which could be no t negligible. In principle this objection 
is right. It must be realized, however, tha t ax - ah a nd 2 oux/ox are nearl y independent of x while Txh a nd oux/oh 
increase with x. Ca lcula tions h ave shown tha t under conditions wh ich exist on the E.C .I.G . profi le in centra l 
Greenland, for x > 10 H the longitudina l force (i. e. ax - ah = 2 ax - /Js integra ted over a vertical cross-sec tion ) 
is sma ller than the to ta l shear force (i. e . the bottom va lue of Txll in tegrated over a horizonta l cross-sec tion ). In 
consequence, even if a n inAuence o fa x- ah on 3vx/31z ex ists, this inAuence remains small with respect to tha t of 
Txh. E a nd T in Equa tion ( I) ca n therefore be understooe! as 3ux/3h a nd Txh respec tively. In Nye's ( [969) equa tion 

(3 ) °o:x + O;~h + pg sin a = 0, oax/ox can be neglected because a", :0: ( ax- a,, + ps)/2, where Ps is n early inde

pendent of x, so tha t it reads 
OTxh/olz = - pg sin a. 
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