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ENLARGEABLE BANACH-LIE ALGEBRAS AND
FREE TOPOLOGICAL GROUPS

VLADIMIR G. PESTOV

We characterise in terms of free topological groups those Banach-Lie algebras with
finite-dimensional centre coming from Lie groups.

INTRODUCTION

A Banach-Lie algebra 0 is called enlargeable if it comes from a Banach-Lie group
[6, 10, 20-23, 24, 25]. The Lie-Cartan theorem [4] says that finite-dimensional Lie
algebras are enlargeable; a similar statement is no longer true for infinite-dimensional
Banach-Lie algebras [24, 20—23]. There exist various criteria of enlargeability, mainly
in cohomological terms [24, 23, 7].

It seems that the question on existence of a "natural" (that is, functorial) proof
of the Lie-Cartan theorem, which would be independent of both known proofs (the
cohomological one by Cartan [4] and the representation-theoretic one by Ado [1]), is
still open; for a discussion see [18]. In this note we reshape criteria for enlargeability of
a given Banach-Lie algebra Q in terms of closedness of a certain subgroup of the free
topological group, F(g), over g; this is done with an idea of paving a way towards a
conjectural "direct" proof of the Lie-Cartan theorem.

Let g be a Banach-Lie algebra. To be precise, by this term we understand a Lie
algebra endowed with a complete submultiplicative norm. The Hausdorff series H(x,y)
converges for all x,y from a sufficiently small neighbourhood of zero, U. The resulting
binary operation (x,y) >—> x.y makes U into a local analytic Lie group, and therefore
a Lie group germ, loc(g) (in the sense of [19, 23]), associated to g, comes into being;
the functorial nature of the correspondence g H-> IOC(Q) (which turns out to be an
equivalence of categories) is well known [3, 24, 20].

According to the iswierczkowski's Theorem on Extension of Analytic Structure [20],
if a local Banach-Lie group U can be embedded into a topological group G as a lo-
cal topological subgroup, then G can be given a structure of an analytical Banach-Lie
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group extending the structure of the original local Lie group. Therefore, the problem of
enlarging a Banach-Lie algebra is reduced to the problem of embedding the correspond-
ing local Lie group into a topological group as a local topological subgroup. Ever since
the paper [11] by Mal'cev it has been known that not every local topological group
admits extension to a global group; the same is true relative to local Banach-Lie groups
[24, 22, 23].

It is natural to consider a universal morphism, ig, from a Lie group germ, j , t o a
topological group, say Gg; this mapping is a morphism of group germs such that any
other morphism / : g —» G of this kind, where G is a topological group, factors through
ig uniquely, that is, for some unique continuous homomoprhism / : Gg —» G one has
ig o f = f. This construction is but one example of what in category theory is referred
to as universal arrows, see [13]. From Swierczkowski's theorem the following result is
an easy corollary. (We shall write ig instead of ijoc(g), and GB instead of Gjoc(g)-)

THEOREM 1. A Banach-Lie algebra g is eniargeabie if and only if the restriction
of the universal morphism iB to an appropriately small local Lie group V representative
of the Lie group germ ioc(g) is one-to-one. In this case the topological group GB can
be given the structure of a simply connected Banach-Lie group in such a way that the
restriction of the universal morphism iB to V is a local diffeomorphism.

The universal character of the construction of iB makes it a very convenient but
highly non-constructive device. We shall show that this construction can be performed
by means of free topological groups, and it leads to a new criterion of enlargeability
for Banach-Lia algebras with finite-dimensional centre in terms of the closedness of a
certain subgroup of the free topological group over the underlying topological space
of g (Theorem 8). This criterion fails in the case where dim c(g) = +oo (Example).
In order to give an independent proof of an auxiliary result on the structure of the
topological group GB (Theorem 5), which can be also deduced from earlier results by
Swierczkowski and van Est [21], we invoke another kind of universal arrows — the free
Banach-Lie algebras [17].

We prove in passing the following curious result: a Banach-Lie algebra is eniarge-

abie if and only if all its separable Banach-Lie subalgebras are (Theorem 7).

Since the structure of free topological groups F(Kn) is well understood [12, 9],

then there is some hope that a "direct" proof of the Lie-Cartan theorem is within reach.

MAIN CONSTRUCTION

If X is a Tychonoff topological space then by F(X) we denote the free topological
group over X in the sense of Markov. (Our construct makes sense for free topological
groups in the sense of Graev as well.) For an overview of the theory of free topological
groups and a relevant bibliography, see [2, 5, 9, 12].
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Let g be an arbitrary Banach-Lie algebra. Fix a neighbourhood of zero, U, which
is "small" in the following sense:

(*) the Hausdorff series H(x,y) converges for every x,y E U.

(For example, U may be an open or closed ball of radius less than (l/3)log (3/2)
[3].) Denote by AfB a normal subgroup generated by all elements of the form
x~1[x.(— y)]y, x,y E U. The following statement admits a straightforward verifica-
tion.

ASSERTION 1 . The subgroup NB does not depend on the particular choice of

a neighbourhood U with property (*)•

Denote by GB the topological group quotient of F(g) by Afg, and by <f>g : g —» Gg

the restriction of the quotient homomorphism irg : F(g) —» Gg to g. Let ig stand for
the morphism of group germs from loc(g) to Gg of which a representative is <f>g.

THEOREM 2 . The pair (ig,Gg) is a universal morphism for group germ mor-
phisms from the Lie group germ associated to a Banach-Lie algebra g to topological
groups. In other words, if G is a topological group (not necessarily Hausdorff) and
i : loc(g) —• G is a morphism of group germs, then there exists a unique continuous
homomorphism i : Gg —* G making the diagram commutative:

MB)

loc{g) > G

PROOF: Let U be an open convex neighbourhood of zero in g, a local Lie group
representative of the Lie group germ loc[g). Then the morphism i may be thought of
as a continuous local group homomorphism from U to G. For every x £ g there is an
n £ N such that x/n is in U; by putting i(x) =def [i(x/n)]n o n e obtains a mapping
from the whole of g to the group G which we shall still denote by t . It does not
depend on the choice of n and is continuous at every point i £ g as a composition of
three continuous mappings: x t—> x/n >—* i(x/n) i—» [ i (z /n)] n , if the number n has been
chosen uniformly in a neighbourhood of x. It extends to a continuous homomorphism
of topological groups i : F(g) —» G. Obvisouly, the kernel of i contains the subgroup
Mg and therefore i factors through 7rB giving rise to a continuous homomorphism
i : GB —• G. Since clearly i\U = i then the above diagram commutes. D

THEOREM 3 . The following conditions are equivalent for a Banach-Lie aglebra

0-

(i) g is enlargeable;
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(ii) the intersection AfB (~1 g is discrete in g;
(iii) the restriction of <f>g to a neighbourhood of zero in g is one-to-one;
(iv) the topological group GB can be given a structure of an analytical Ba.na.ch-

Lie group in such a way that <pB is a local analytical diffeomorphism. In
this case Lie (GB) = 0, <f>B — expoB, and GB is simply connected.

PROOF: (i) => (Hi): Let G be a simply connected Banach-Lie group associated
to g, and let expo be the corresponding exponential mapping. Since obviously //B C
{x £ g : expo(x) = C G } , then for all x,y in a small enough neighbourhood of zero in 0
one has: if 4>eix) = 4>s(y) then expo(x) = expa(y)- Since expa is locally one-to-one,
then so is <f>B.

(ii) •<=> (iii) : an immedeate check.
(iii) => (iv): see Theorem 1.
(iv) => (i): obvious. D

As a matter of fact, all these characterisations were discovered decades ago, perhaps
in a different form [4, 24, 20—23, 25, 6]. For example, the set .A/gOg forms an additive
subgroup of g isomorphic to the period group Per (g) of the Lie algebra 0 [24]. What
is new, is our suggestion to consider topology on the group F(g). Traditionally, the
abstract free group over an arbitrarily small neighbourhood of zero in 0 was given full
attention (see [22, 23]) rather than the free topological group over the Lie algebra g.

Free topological groups over neighbourhoods of the identity in finite-dimensional Lie
groups were first considered in [8].

If a Banach-Lie algebra 0 is enlargeable, then the subgroup NB of the free topo-
logical group F(g) is easily checked to be closed; indeed, it is the kernel of the homo-
moprhism TT9 : F(g) —> Gg, and according to Theorem 2 and item (iv) of Theorem 3,
7TB is continuous while GB is endowed with a Hausdorff topology.

It turns out that the dosedness of MB is not sufficent for enlargeability of g, as
the following example shows.

EXAMPLE. Let g be a Banach-Lie algebra with the following properties.

(a) the extension

0 -» c(0) - » 0 -> fl/c(fl) -> 0

is topologically split (c(0) is the centre of 0);
(b) g is enlargeable, and the centre of the corresponding connected simply

connected Banach-Lie group G contains a circle, T.

For examples of such Lie algebras, see [24, 25, 3, 6]. Fix a submultiplicative norm on
0 and define for every n = 1,2, . . . a submultiplicative norm || • ||n on 0 by

ll« + y| |» =de/ II*!!,/«(,) + 11»!!«(,) (* e flA(fl). v e <s))
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Denote by g n the Lie algebra g with the norm || • | | n , and by 0oo the Zi-type sum of
the Lie algebras gn, that is, the completion of the direct sum ©jJLifln with respect to
the submultiplicative norm

n 6 N

Denote for every n = 1,2, . . . by pn the canonical projection g ^ —» g n , and by pn its

continuous homomorphic extension F(floo) —> F(dn) • We shall show now that

n = l

Since all the Lie subalgebras gn of f) commute with each other, then (1) is derived from
the following simple observation: the subgroup JVBoo is generated by a subset with the

oo

property (*) of the form f| p^1(f7n); just pick for every n an Un C 0n satisfying (*).
n=l

The property (1) implies that the subgroup NBoo is closed. Another corollary of
(1) is the fact that the period group Per (g^,) = F(goo)/AfBoo of the Lie algebra g^, is
the (completed) infinite direct sum of circles Tn sitting in the centres of the Lie algebras
gn. Since the radii of those circles approach zero as n —> oo then the group Per (goo)
is non-discrete and therefore G9oo is non-enlargeable.

However, things are different for Banach-Lie algebras g with finite-dimensional
centre, c(g), in which case the discreteness of the interesection MB (~1 g can be deduced
from closedness of Afg in F(g).

LEMMA 1. Let V be a closed local subgroup of a finite-dimensional local Lie
group U such that the intersections of V with all one-parameter Lie subgroups axe
discrete. Then V is discrete.

PROOF: Obviously follows from compactness of a unit sphere in a finite-dimensional
Euclidean space. D

THEOREM 4 . Let g be a Banach-Lie algebra. Then AfB l~l fl C c(a).

PROOF: Actually, this is a classical observation, and the proof of it is "functorial"

(see [24]). It stems from the fact that the group MB is contained in the (closed!) kernel

of the continuous homomorphism adB o expA-ut g : GB —> Aut g where adB is the adjoint

representation g —» Der g. Therefore, NB D 0 C her adB = c(g). 0

THEOREM 5 . Let g be a separable Banach-Lie algebra. Then NB fl g contains

no one-parameter local subgroups of loc(g).

PROOF: First of all, we shall recall some of our earlier results [17].
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THEOREM 6 . Let E be a. normed space. There exist a complete normed Lie

algebra. J-L{E) and a linear isometrical embedding t£ : E •—> !FC{E) with the following

properties.

(1) IE(E) topologically generates FC(E).

(2) For an arbitrary complete normed Lie algebra C and any linear opera-

tor f:E—*£ of norm ^ 1, there exists a Lie algebra homomorphism

f: TC{E) -> C of norm ^ 1 such that foiE = f.

The pair (FC(E),iE) with the properties (1) and (2) is essentially unique. Q

The Banach-Lie algebra TC{E) is termed the free Banach-Lie algebra over a

normed space E. It turns out that if dim E ^ 2 then ^FC(E) is centreless and there-
fore, for any normed space E, the free Banach-Lie algebra FC{E) is enlargeable, the
corresponding Banach-Lie group in the case dim E ^ 2 being a Banach-Lie subgroup
of the automorphism group of FC{E) generated by the image of the latter Lie algebra
under the exponential mapping. As a result, every Banach-Lie algebra, 0, is a quotient
algebra of an enlargeable Banach-Lie algebra, and in a "functorial way" indeed: the
identity mapping idB from g to its underlying Banach (= complete normed) space ex-
tends to a quotient Banach-Lie algebra homomorphism idB: TC{g) —> g, which is easily
verified to be an open Lie algebra morphism onto. The Banach-Lie algebra J-C(E) is
separable if and only if E so is.

Now suppose 0 is a separable Banach-Lie algebra. Denote the kernel of idg by JB;
it is a closed Lie ideal. Now let QB be a connected simply connected Banach-Lie group
corresponding to the enlargeable Lie algebra FC{g) and let exp(fl) be the exponential
mapping !FC{g) —* QB. Let Jg

x stand for a subgroup in QB algebraically generated by
the image of JB under ezp(B). This group is normal but not necessarily closed. Denote
by exp g the quotient topological group QBIJB •

A natural continuous mapping expB: g —> exp g is obtained by factoring the ex-
ponential map exp(gy. ^"£(0) —+ QB through idB. In view of the universality of the
mapping iB (Theorem 2), it suffices to show that for an arbitrary x £ 0\{O}, the
image under the mapping expB of the one-dimensional linear space spanned by x is
non-degenerate in exp g, that is, for an arbitrary y € ^C(g)\Jg, the one-parameter
subgroup of QB tangent to y is not entirely contained in the subgroup J* . But this
follows from [3, Chapter III, Section 6.2 Corollary 2]. D

COROLLARY 1 . Let g be a separable Banach-Lie algebra such that the subgroup

MB is closed in F(g). Then the intersection of MB with every one-dimensional local

subgroup (one-dimensional linear subspace) of g is discrete.

PROOF: Every proper closed subgroup of R is discrete; now apply Theorem 5. D

COROLLARY 2 . Let g be a separable Banach-Lie algebra with finite-dimensional
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centre. Then g is enlargeable if and only if the subgroup AfB is closed in F(g) . In this
case the quotient topological group GB carries a natural structure of a Banach-Lie group
associated to g .

The sepaxability restriction is removed with the help of the following curious result,
which is also new and of interest by itself.

THEOREM 7 . A Banach-Lie algebra g is enlargeable if and only if every separable
Banach-Lie subalgebra of g is enlargeable.

PROOF: Denote by fy the family of all separable Banach-Lie subalgebras of g par-
tially ordered by inclusion. Obviously, \Jf) = g. One can assume that g is inseparable
and therefore f) has no upper bound. For every t) E ¥) denote by Gf, a simply con-
nected Lie group associated to f) and by exp^ : t) —> Gt) the corresponding exponential
mapping. Put for each i) G f)

e(f)) =zdef min{l, max{r £ R+ : expt,\Br(0) is one-to-one }}

where Br(0) is the open ball of radius r centred at zero. If f)i C f)2 then the inclusion
mapping ijj* : f)i —> f)2 gives rise to a Lie group morphism ijj* : G^x —» Gtj2 which
commutes with the exponential mappings. One concludes that if f)i C f)2 then e(J)i) ^
e(f)2), and therefore e is a non-increasing mapping from the directed partially ordered
set f) to R. Put e0 = inf {e(h) : 1) e ft}. Clearly, e0 ^ 0, and the case e0 = 0 is
impossible because f) contains unions of countable subfamilies. Therefore, for every
i) G ft, the restriction of the exponential mapping expt, to the open ball of radius
£o > 0 about zero is one-to-one. Now we apply the Local Theorem on Enlargeability
of Banach-Lie Algebras, [15, 16]. D

Finally we come to the central

THEOREM 8 . A Banach-Lie algebra g with finite-dimensional center is enlarge-
able if and only if the subgroup Me is closed in F(g). In this case the quotient topo-
logical group GB carries a natural structure of a Banach-Lie group associated to g.

PROOF: Necessity was pointed out at just before our Example, and sufficiency
follows from Corollary 2 and Theorem 7. U

FINAL DISCUSSION

1. All the structures participating in our construct come into being in a functorial
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way as the objects of the following commutative diagram

(The arrow Q —> g is understood.)

A direct proof of the Lie-Cartan theorem would result from applying corollary 2 to
a finite-dimensional Banach-Lie algebra, g. The only missing link is the verification of
closedness of Ms in F(g) which should rely solely on topological structure of the free
topological group F{Q)- Since the structure of free topological groups over ku-spaces,
and in particular over R n , is deeply understood now ([12]; see also [9] and references
therein), then the problem of recovering this link does not seem entirely hopeless. We
conjecture that Afg is the free topological group over a k^ space, and thence it is
complete and closed.

2. The arguments of the kind discussed in this note are no longer solid beyond the
setting of Banach-Lie algebras and groups. For example, one cannot in general expect
the Hausdorff series to converge in a neighbourhood of zero of a Frechet-Lie algebra;
the exponential mapping may not be even C°°; moreover, it is not known yet whether
every smooth Frechet-Lie group possesses an exponential mapping, [10, 14]. In gen-
eral, we anticipate the techniques of universal arrows to forgetful functors to lead to
"pathological" examples of Frechet-Lie groups rather than some positive results. Nev-
ertheless, our construct makes perfect sense for the so-called Baker-Campbell-Hausdorff

Lie groups modeled over locally convex spaces [14].

3. In connection with a result [26] that the free topological group F (R") is topo-
logically a manifold modeled over the locally convex space Kw = lim{Rfc : k € N},
one wonders whether .F(Rn) can be given a structure of an (at least, C 1 ) Lie group
modeled over the same (LB) -space K". What may its Lie algebra look like?
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