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Moduli space theory and Teichmüller space theory are concerned with Riemann
surfaces. The moduli space M(R) of a topological surface R (with negative Euler
characteristic) is the space of all possible Riemann surface structures on R up to
homeomorphism. Similarly, the Teichmüller space T (R) is the space of all possible
Riemann surface structures up to homotopy. The Teichmüller space is the universal
cover of the moduli space.

One key idea in the hyperbolic surface approach to Teichmüller theory is to
decompose hyperbolic surfaces into fundamental pieces, such as pairs of pants
or ideal triangles, and to parametrise the ways in which these pieces may be
reconstituted to form a hyperbolic surface. Decomposing into pairs of pants leads to
the development of Fenchel–Nielsen coordinates [1] for T (R), and decomposing into
ideal triangles leads to Penner’s λ-length coordinates [8] and Thurston’s shearing
length coordinates [2].

Riemann surfaces with punctures on their (smooth) borders uniformise to crowned
hyperbolic surfaces, which are complete finite-area hyperbolic surfaces with geodesic
borders. We generalise Fenchel–Nielsen, Penner’s λ-length and Thurston’s shearing
coordinate systems for Teichmüller spaces of crowned hyperbolic surfaces by
decomposing these surfaces into pairs of pants and ideal triangles. This often results
in mixed coordinates which are part Fenchel–Nielsen, part Penner’s λ-lengths.

In [6], Mirzakhani establishes a type of trigonometric identity, called a McShane
identity [5], for genus-g hyperbolic surfaces with n labelled geodesic borders of
fixed lengths L1, . . . , Ln. She utilises these identities to derive a recursion in the
Weil–Petersson volume Volg,n(L1, . . . , Ln) of the moduli space Mg,n(L1, . . . , Ln) of
such surfaces and the volumes of moduli spaces of surfaces with lower genus and/or
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Figure 1. A crowned hyperbolic surface.

fewer boundary components. We establish McShane identities for crowned hyperbolic
surfaces (see Figure 1), and generalise the definition of Weil–Petersson forms for
moduli spaces of crowned hyperbolic spaces, computing explicit presentations for
these forms in terms of our mixed coordinates. We combine these results to express a
key step in Mirzakhani’s volume recursion derivation in terms of integrals over moduli
spaces of crowned surfaces.

The final chapter of the thesis summarises our main results in [3] and [4]. The
former paper derives McShane identities for closed surfaces with one marked point.
In the latter, we describe an algorithm for generating the simple length spectrum of
any three-cusped projective plane and use this algorithm to:

(i) show that the maximum of the systole (shortest-geodesic) function on the moduli
space of three-cusped projective planes is 2 arcsinh(2);

(ii) prove the surprising result that the asymptotic growth rate of the one-sided
simple geodesics on three-cusped projective planes is not polynomial—in
contrast to the polynomial growth rate for orientable surfaces [7, 9];

(iii) derive a McShane identity for three-cusped projective planes.
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