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1. Introduction

In this note we give a basis for the radical of the group algebra of a p-nilpotent
group over a field of characteristic p in terms of the ordinary representation theory
of the group. We use our result to calculate the exponent of the radical for such a

group.

Notation. Let p be a fixed prime, k an algebraically closed field of characteristic
p and G a finite group. Denote by kG the group algebra of G over k and by N =
N(G) the radical of kG. We denote the radical of a general finite dimensional
k-algebra A by rad A. Let G have order |G|. We assume throughout that p divides
|G|, in which case N # 0. By a kG module we mean a left AG module.

2. Lemmas

We begin with two results which are perhaps of independent interest.

LEMMA 1. Let H be a normal p'-subgroup of G and L an irreducible kH module.
Write E = Endy (L¢), F = rad E and N = N(G). Then, using the natural (right)
action of Fon LY,

N -LS=LC-F'forallizl.

PrROOF. We may take L = kHe for some primitive kH idempotent e, and
L® = kGe. Write | = e, +e,+* - - +e,, a sum of primitive kH idempotents, with
e = 6’1 .

N-L°% = Ne = kGNe
= kGeNe+kGe,Ne+- - - +kGe,Ne

as left kG modules, where the sum is not necessarily direct.
Now ekGe = Hom,g(kGe;, kGe) as k-spaces under the map

a = ¢ € Homy(kGe;, kGe)
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where b = ba for all b in kGe;. We use this fact to show that Ne = kGeNe.

Let f; be the primitive central kH idempotent correspondingtoe;, 1 < i < n.
Denote by Ng(f;) the group of elements of G commuting with f; and by T a left
transversal for Ng(f;)in G. Then F; = Y, 1, f is a central kG idempotent. Now
if f, and f; are not conjugate in G, F;F, = 0. Hence

eikGe = eiﬂFikGFlflel = 0.
Suppose f; and f; are conjugate in G, say f; = fi. Now
efy = (efi) = €.

Hence ef and e are in the same kH block kHf;. Since H is a p’-group we may use
ordinary representation theory to deduce that kHe =~ kHe!. Thus

kGe ~ kGeé! =~ kGe;.

We claim that in this case ¢;Ne = e;kGeNe. For there is an a € e;kGe such that
the map ¢ : kGe; —» kGe given by x¢ = xa is an isomorphism. Hence there is a
be ekGe; such that yp~' = yb for all ye kGe. Hence xab = x for all x in kGe,.
Thus

e; = e;ab = (e;a)b = ab.
Let c € e;Ne.

¢ = e;c = a(bc) € e;kGeNe.

Thus e;Ne < e;kGeNe. Since the reverse inclusion is obvious we have equality.
Hence

kGe;Ne = kGe;kGeNe = kGeNe,
Ne = kGeNe = (kGe)(eNe).

Now by [1] 54.6 we know that eNe and F are identical as rings. Hence N - L =
LS - F. Thus our result holds for i = 1.
Suppose N/ - LS = LG - Fiforallj £ i, i..

(1) Nle = (kGe)(eNeY.
Multiplying (1) on the left by N gives

) N/*le = (Ney ™!,

whereas multiplying (1) on the right by Ne gives

3) (Nie)(Ne) = (kGe)(eNe) *1.
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Thus Ni*'e = (Ne)'*!, using (2) with j = i
= (NeY(Ne)
= (N'e)(Ne), using (2) with j = i—1
= (kGe)(eNe)* !, using (3) with j = i.
Therefore N'*! - L% = LS. F'*1, The result follows by induction.

DEerFINITION. If H is normal in G and L is a kH module, the stabilizer S = S(L)
of L in G is defined by
S={geG;L* =L}

LEMMA 2. In the situation of Lemma 1, if S is the stabilizer of L in G, N' - L® =
kG- N(SY-LSforalli 2 1.

PrOOF. Let g, - -, g, be a left transversal for Hin Sand g,,- -, g, a left
transversal for H in G.

= ®g ®L is a kS submodule of
i=1

I = (_—B1 g; ® L and L is a kH submodule of L5.

Let 0 € End,s(L*) and define ¢ : Endis(L*) ~ Endyg(L°) by putting ¢(6) = ¢',
where
(9:®D0" = g,(19),leL,i=1,-",n,

and extending 6’ linearly to L. It is well known and easy to prove that ¢ is an
isomorphism of rings such that @ and ¢(6) have the same action on L.
Thus

N' LS = () ¢;®L)(rad End,(L?)), by Lemma 1,
=1

~

. g;(L - (rad End, (L))

g (L - (rad End,(L)))

Il

~M= =PV]=

< kG - N(S)L?, by Lemma 1.

The reverse inclusion is proven similarly. Hence the result follows.

3. p-nilpotent groups

Let G be a p-nilpotent group with Sylow p-subgroup P and normal p-comple-
ment H. Let e bz a primitive idempotent of kH and put L = kHe. Suppose L has
stabilizer S = HQ in G, where Q is a Sylow p-subgroup of S. Now
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) E = Endig(P) =~ @ Homyg(L, g ® L).
qeQ

We know from [3] that there is a unique kS module X such that X|, = L.
Let X afford the representation p of S with respect to the k-basis W.
For each g€ @ the map T, : L - g®L given by

IT, = q®p(q" ") leL,
is a k H-isomorphism.
Therefore {T,; q € Q} is a k-basis for the right hand side of (4). E therefore
has k-basis {n,; q € Q}, where 7, is defined by
(¢'®)n, = q'(IT,)
= q’q@p(q_l)l, qg'eQ,leL.
Now %, 1, = N, Hence E = kQ. Thus rad E has basis {n, —n,; g€ @ —{1}}
Define n(g, /) = 1®1-q®p(q~*), qe Q, le L.
THEOREM 1. The set {n(q,1); g€ Q— {1}, 1€ W} is a k-basis for N(S)L®.
PROOF. N(S)L® = LS - rad E. Now

(@'®)(n—1n,) = ¢ ®I—q'q®p(q ™)
—n(q’,p(¢'))+n(q" g, p(q’)!), and
n(q, 1).

i

i

(1®)(n,—n,)

Hence the result follows.

We can now give an explicit expression for N(G). For let 1 = e, +-* - +e,
be a decomposition of 1 € kH into primitive orthogonal idempotents. Write L; =
kHe; and let L, have stabilizer S; in G. Let S; have Sylow p-subgroup Q,. Then

kG = @ kGe; = @ L? as left kG modules and

N=YN-L}
=Y kG- N(S)- L$, which can be calculated.

DEFINITION. The exponent of N(G) is the least integer n such that N(G)" = 0.

THEOREM 2. If G is p-nilpotent and P is a Sylow p-subgroup of G then N(G)
and N (P) have the same exponent.

PROOF. We use the previous notation.
Consider the idempotent f = Y, pu h/|H| of kG. It is easy to show that
kGf = kP as algebras. Hence
N(G) = 0= (rad (kGf))' =0
= (rad kP)" = 0
= N(Py = 0.
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Conversely, let N(P)* = 0. We have that
N(GY' =}, N(G)'L;
=) kG- N(S,)"L}* by Lemma 2,

= Y kG - I}{rad End;s(L})}" by Lemma 1.

Now Q; is contained in some Sylow p-subgroup P, of G, so

N(Qi) = N(P,)" = 0.
Since

Endks.-(Lsii) = kQ;
we have

{rad End,s(I)}" = 0.
Therefore N(G)* = 0.

REMARKS. If G is a group of p-length one then G contains a normal p-nilpotent
subgroup K such that G/Kis a p’-group. By results of Highman [2] and Villamayor
[4] we have that N(G) = kG - N(K). Theorem 2 therefore holds for groups of

p-length one. Similar calculations can be carried out in the case of a general
p-soluble group. However Theorem 2 does not hold in such a case. The exponent
of N(G) may be greater than or less than that of N(P).
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