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Lines on complex contact manifolds, II

Stefan Kebekus

ABSTRACT

Let X be a complex-projective contact manifold with be(X) = 1. It has long been conjec-
tured that X should then be rational-homogeneous, or equivalently, that there exists an
embedding X — P" whose image contains lines.

We show that X is covered by a compact family of rational curves, called ‘contact lines’,
that behave very much like the lines on the rational-homogeneous examples: if z € X is a
general point, then all contact lines through x are smooth, no two of them share a common
tangent direction at x, and the union of all contact lines through x forms a cone over an
irreducible, smooth base. As a corollary, we obtain that the tangent bundle of X is stable.
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1. Introduction

Motivated by questions coming from Riemannian geometry, complex contact manifolds have received
considerable attention during recent years. The link between complex and Riemannian geometry is
given by the twistor space construction: twistor spaces over Riemannian manifolds with quaternion-
Kahler holonomy group are complex contact manifolds. As twistor spaces are covered by rational
curves, much of the research is centered about the geometry of rational curves on the contact spaces.

1.1 Setup and statement of the main result

Throughout the present paper, we maintain the assumptions and notational conventions of the first

part [Keb01] of this series. In particular, we refer to [Keb01], and the references therein, for an

introduction to contact manifolds and to the parameter spaces which we will use freely throughout.
In brief, we assume throughout that X is a complex-projective manifold of dimension dim X =

2n + 1 which carries a contact structure. This structure is given by a vector bundle sequence

0 F Tx =1 0, (1.1)
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S. KEBEKUS

where F' is a sub-bundle of corank 1 and where the skew-symmetric O’Neill tensor
N:FF—L,

which is associated with the Lie bracket, is non-degenerate at every point of X.

Because contact manifolds with by (X) > 1 were completely described in [KPSWO00], we consider
only the case where bo(X) = 1. We will also assume that X is not isomorphic to the projective
space P27+l By [Keb01, § 2.3], these assumptions imply that we can find a compact irreducible
component H C RatCurves”(X) of the space of rational curves on X such that the intersection of
L with the curves associated with H is 1. Curves that are associated with points of H are called
‘contact lines’. For a point x € X, consider the varieties

H,.={{eH|zel}
and
locus(H,) := U l.

leH,
The main result of this paper is the following.

THEOREM 1.1. Let X be a complex-projective contact manifold with ba(X) = 1 and assume X 2
PdmX Let H C RatCurves®(X) be an irreducible component which parameterizes contact lines.
Then locus(H,) is isomorphic to a projective cone over a smooth, irreducible base. Further,

(i) all contact lines that contain x are smooth,
(i

) the space H, is irreducible,
(iii) if £y and ¢y are any two contact lines through x, then Ty, |, # Ty, |+, and
)

(iv) if ¢1 and ¢y are any two contact lines through x, then {1 N{y = {x}.

The smoothness of the base of the cone guarantees that much of the theory developed by Hwang
and Mok for uniruled varieties can be applied to the contact setup. We refer to [Hwa0Ol] for an
overview and mention two examples.

1.1.1 Stability of the tangent bundle. It has been conjectured for a long time that complex
contact manifolds X with bo(X) = 1 always carry a Ké&hler-Einstein metric. In particular, it is
conjectured that the tangent bundle of these manifolds is stable. Using methods introduced by
Hwang, stability follows as an immediate consequence of Theorem 1.1.

COROLLARY 1.2. Let X be a complex-projective contact manifold with bo(X) = 1. Then the tangent
bundle Tx is stable.

1.1.2 Continuation of analytic morphisms. The following corollary asserts that a contact mani-
fold is determined in a strong sense by the tangent directions to contact lines. The analogous result
for homogeneous manifolds appears in the work of Yamaguchi.

COROLLARY 1.3. Let X be a complex-projective contact manifold and X' be an arbitrary Fano
manifold. Assume that be(X) = bo(X') = 1 and choose a dominating family of rational curves of
minimal degree on H C RatCurves™(X'). Assume further that there exist analytic open subsets
U c X, U ¢ X’ and a biholomorphic morphism ¢ : U — U’ such that the tangent map T'¢ maps
tangents of contact lines to tangents of curves coming from H, and vice versa. Then ¢ extends to a
biholomorphic map ¢ : X — X'.

Question 1.4. What would be the analogous statement in Riemannian geometry?
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1.2 Outline of this paper

Property i of Theorem 1.1 is known from previous works (see Fact 2.3 below). After a review of
known facts in § 2, properties ii-iv are shown one by one in §§ 3-5, respectively. With these results
at hand, the proofs of Theorem 1.1 and Corollaries 1.2 and 1.3, which we give in § 6, are very short.

The main difficulty in this paper is the proof of property iii, which is done by a detailed analysis
of the restriction of the tangent bundle T'x to pairs of contact lines that intersect tangentially. The
proof relies on a number of facts on jet bundles and on deformation spaces of morphisms between
polarized varieties for which the author could not find any reference. These more general results are
gathered in the two appendices.

2. Known facts

The proof of Theorem 1.1 relies on a number of known facts scattered throughout the literature.
For the reader’s convenience, we have gathered these results here. Full proofs were included where
appropriate.

2.1 Jet bundles on contact manifolds

The O’Neill tensor yields an identification F' = FY ® L. If we dualize the contact sequence (1.1)
and twist by L, we obtain a sequence

0—O0x — QY ®L— F_ ——0, (2.1)
~FVQRL

which we would now like to compare to the dual of the first jet sequence of L; see Appendix A.1
for more information on jets and the first jet sequence.

By [LeB95, Theorem 2.1], there exists a canonical symplectic form on the C*-principal bundle
associated with L which gives rise to an identification Jet!(L) = Jet!(L)Y ® L. Thus, if we dualize
the jet sequence and twist by L, we obtain a sequence

0—=O0x — Jet'(L) ——=Tx —0. (2.2)
~———
~Jet!(L)VRL
It is known that sequence (2.1) is a sub-sequence of (2.2).

Fact 2.1 [LeB95, p. 426]. There exists a commutative diagram with exact rows and columns

0 0
(2.1) 0—=O0x —— QL L ——F——>0
|
(2.2) 0—=Ox —=Jet' (L) —=Tx —=0
L L
0 0

where the middle column is the first jet sequence for L and the right column is the sequence (1.1)
of page § 1.1 that defines the contact structure.
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2.2 Contact lines

It is conjectured that a projective contact manifold X with ba(X) = 1 is homogeneous. This is
known to be equivalent to the conjecture that there exists an embedding X — PV that maps
contact lines to lines in PY. While we cannot presently prove these conjectures, it has already been
shown in the first part [Keb01] of this work that a contact line through a general point shares many
features with lines in PV. Some of the following results will be strengthened in § 3.1.

Fact 2.2 [Keb01, Remark 3.3]. Let ¢ be a contact line. Then ¢ is F-integral. In other words, if v € ¢
is a smooth point, then T|, C F|,.

Fact 2.3. Let x € X be a general point and £ C X a contact line that contains x. Then ¢ is smooth.
The splitting types of the restricted vector bundles F|, and Tx|, are:

Txle = 04(2) ® 0,(1)%" 1 g OF"H,
Flr 2 04(2) @ 0,(1)*" 1 0P 1 @ Oy(-1).

::F|Z>O

For all points y € ¢, the vector space F\fo\y and the tangent space Ty|, are perpendicular with
respect to the O’Neill tensor N: F\fo\y = Tg‘;‘.

Proof. The fact that ¢ is smooth was shown in [Keb01, Proposition 3.3]. The splitting type of T'x|,
is given by [Keb01, Lemma 3.5]. To find the splitting type of F'|,, recall that the contact structure
yields an identification F' = FY ® L. Since L|; = Oy(1), we can therefore find positive numbers a;

and write
n

Flo = @P(O(ai) & Of(1 - a;)).
i=1
The precise splitting type then follows from the splitting type of Tx |, and from Fact 2.2 above.
The simple observation that every map Oy(2) = Ty — L|; = Oy(1) is necessarily zero yields the
fact that F' |é>0|y and Ty, are perpendicular with respect to the O’Neill tensor N. O

Fact 2.4. Let x € X be a general point, { C X a contact line that contains x and y € ¢ any point.
If s € H°(¢,Tx/|,) is a section such that s(y) € F|,, then s is contained in H°(¢, F|) if and only if
Tyly and s(y) are orthogonal with respect to the O’Neill tensor N.

In particular, we have that if s(y) € F|€>0, then s € HO(¢, F|€>0).

Proof. Let f : P! — X be a parameterization of £. We know from [Kol96, Theorems 11.3.11.5 and
I1.2.8] that the space Hom (P!, X) is smooth at f. As a consequence, we can find an embedded unit
disc A C Hom(P?', X), centered about f such that s € Ta|s holds; see Fact B.1 in Appendix B
for a brief explanation of the tangent space to Hom(P!, X). In this situation we can apply [Keb01,
Proposition 3.1] to the family A, and the claim is shown. O

2.3 Dubbies

In § 4 we will show that no two contact lines through a general point share a common tangent
direction at x. For this, we will argue by contradiction and assume that X is covered by pairs of
contact lines which intersect tangentially in at least one point. Such a pair is always dominated
by a pair of smooth rational curves that intersect in one point with multiplicity exactly 2. These
particularly simple pairs were called ‘dubbies’ and extensively studied in [KK03, § 3].
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DEFINITION 2.5. A dubby is a reduced, reducible curve, isomorphic to the union of a line and a
smooth conic in P? intersecting tangentially in a single point, as shown below.

—

Remark 2.6. Because a dubby £ is a plane cubic, we have h!(¢,O;) = 1.

2.3.1 Low-degree line bundles on dubbies. It is the key observation in [KKO03] that an ample
line bundle on a dubby always gives a canonical identification of its two irreducible components. In
the setup of § 4, where dubbies are composed of contact lines, the identification is quite apparent
so that we do not need to refer to the complicated general construction of [KK03, § 3.2].

PROPOSITION 2.7. Let ¢ = {1 Uy be a dubby and H € Pic(¢) be a line bundle whose restriction to
both ¢, and {5 is of degree 1. Then there exists a unique isomorphism ~y : ¢ — P! such that

(i) the restriction 7y, : £; — P! to any component is isomorphic and

(ii) a pair of smooth points y; € {1 and ys € {5 forms a divisor for H if and only if v(y1) = v(y2).
In particular, we have that h(¢, H) = h°(P!, Op:1 (1)) = 2.
Proof. Consider the restriction morphisms

ri » HO(¢, H) — HO(¢;, H|p,) ~ HO(P', Opi (1)).

We claim that the morphism r; is an isomorphism for all ¢ € {1,2}. The roles of r; and ry are
symmetric, so it is enough to prove the claim for r;. First note that h°(¢, H) > 2 by [KKO03,
Lemma 3.2]. Tt is then sufficient to prove that 7 is injective. Let s € ker(r1) C H°(¢, H). In order
to show that s = 0 it is enough to show that ro(s) = 0. Notice that ro(s) is a section in H° ({2, H|p,)
that vanishes on the scheme-theoretic intersection £1 N £5. The length of this intersection is 2 and
any non-zero section in H%(ly, H|s,) ~ H°(P!,Opi(1)) has a unique zero of order 1, hence r2(s)
must be zero, and so r; is indeed an isomorphism for all i € {1,2}.

This implies that H is generated by global sections and gives a morphism v : £ — P!, whose
restriction 7|, to any of the two components is an isomorphism. Property ii follows by construction.
O

Notation 2.8. We call a pair of points (y1,y2) as in Proposition 2.7 ‘mirror points with respect
to H’.

COROLLARY 2.9. Let £ = {1 U ¥y be a dubby and Pic(l’l)(f) be the component of the Picard group
that represents line bundles whose restriction to both {1 and fo is of degree 1. Then the natural
action of the automorphism group Aut(¢) on PicbY () is transitive.

Proof. Consider the open set Q = /5 \ (¢/1 N ¢3). By Proposition 2.7 it suffices to show that there
exists a group G C Aut(¢) that fixes ¢; pointwise and acts transitively on 2.

For this, define a group action on the disjoint union ¢; [ ¢2 as follows. Let G C Aut(¢3), G = C
be the isotropy group of the scheme-theoretic intersection £1 N¢y C £y. Let G act trivially on £7. It is
clear that G acts freely on €). By construction, G acts trivially on the scheme-theoretic intersection
£1 N ¢y so that the actions on ¢ and £y glue to give a global action on /. O

COROLLARY 2.10. Let ¢ and H be as in Proposition 2.7 and let
Aut(¢,H) :={g € Aut(¢) | ¢"(H) 2 H}
231
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be the subgroup of automorphisms that respect the line bundle H. If y € ¢ is any smooth point,
then there exists a vector field, i.e. a section of the tangent sheaf

s € Taue(e,mlia € HO(0,Ty),
that does not vanish at y.
Proof. Let o = {1 Ny be the (reduced) singular point, let 1 : ¢1 [[ 2 — ¢ be the normalization and
consider the natural action of C on P! that fixes the image point v(o) € P!. Use the isomorphisms

v]e, and (g, to define a C-action on ¢ [[ 2. As before, observe that this action acts trivially on
the scheme-theoretic preimage

’I’}_l(fl N 52)

The C-action on ¢; [ ¢2 therefore descends to a C-action on ¢. To see that the associated vector
field does not vanish on y, it suffices to note that the singular point o is the only C-fixed point on /.

Because the action preserves -fibers, it follows from Proposition 2.7 that C acts via a morphism
C — Aut(¢, H). O
In § 4 we will need to consider line bundles of degree (2,2). The following remark will be useful.

LEMMA 2.11. Let ¢ = {1 U /¢y be a dubby and let H € Pic(¢) be a line bundle whose restriction
to both {1 and {5 is of degree 2. For i € {1,2} there exist sections s; € H°(¢, H) which vanish
identically on ¢; but not on the other component.

Proof. By [KKO03, Lemma 3.2], we have h°(¢, H) > 4. Thus, the restriction map HY(¢, H) —
HO(¢;, H|p,) = C3 has a non-trivial kernel. O
2.3.2 Vector bundles on dubbies. Dubbies are in many ways similar to elliptic curves. While

H'(¢,0,) does not vanish, the higher cohomology groups of ample vector bundles are trivial.

LEMMA 2.12. Let £ be a vector bundle on ¢ whose restriction to both 1 and ¢y is ample. Then

H(4,8) =0.

Proof. Let @ := {1 N ¥y C ¢ be the scheme-theoretic intersection, which is a zero-dimensional
subscheme of length 2. Now consider the normalization 7 : 1 [[¢2 — ¢ and the associated natural
sequence

0—=&——=n(n*€) ==&l —0, (2.3)
where « is defined on the level of presheaves as follows. Assume we are given an open neighborhood
U of the singular point o € ¢. By definition of 7.(n*&), to give a section s € n.(n*E)(U) it is
equivalent to give two sections s; € (g, )(U N¥4y) and sg € (Elp, ) (U NLa). If

ri: (Ele,)(UNL) — El
are the natural restriction morphisms, then we write o as
a(s) =ri(s1) — ra(s2).
A section of the long homology sequence associated with (2.3) reads
HO(0,nun*E) g H'(7,E|lz) —= HY(¢,E) — H'({,n.:1n*E),
where 3 is again the difference of the restriction morphisms. We have that
HO(C, 0" E) = HO(1,Ee,) ® H (b, E]e,),
H (0o €) = H (01, Eley) ® H' (£, Ele,) = {0},
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and it remains to show that [ is surjective. That, however, follows from the fact that &£, is an
ample bundle on P! that generates 1-jets so that even the single restriction

1 ZHO(gl,g‘gl) — HO(E,5|E)

alone is surjective. O

3. Irreducibility

As a first step towards the proof of Theorem 1.1, we show the irreducibility of the space of contact
lines through a general point.

THEOREM 3.1. If z € X is a general point, then the subset H, C H of contact lines through x is
irreducible. In particular, locus(H,) is irreducible.

The proof of Theorem 3.1, which is given in § 3.2 below, requires a strengthening of Fact 2.3,
which we give in the following section.

3.1 Contact lines with special splitting type
We adopt the notation of [Hwa0l, § 1.2] and call a contact line ¢ C X ‘standard’ if

n*(Tx) = Op1(2) ® Op ()*" @ OFM

where 7 : P! — £ is the normalization. It is known that the set of standard curves is Zariski-open
in H (see again [Hwa0l, § 1.2]). We can therefore consider the subvariety

H':={¢ € H | ¢ not standard}.

The proof of Theorem 3.1 is based on the observation that there is only a small set in X whose
points are not contained in a standard contact line. For a proper formulation, set

D :=locus(H') = U L.
leH'

If follows immediately from Fact 2.3 that D is a proper subset of X.

PROPOSITION 3.2. If D° C D is any irreducible component with codimy D° =1, z € D" a general
point, and HY C H, any irreducible component, then there exists a curve { € HO which is not
contained in D and therefore free.

The proof of Proposition 3.2 is a variation of the argumentation in [Keb01, ch. 4]. While we work
here in a more delicate setup, moving only components of locus(H,) along the divisor D, parts of
the proof were taken almost verbatim from [Keb01].

Proof of Proposition 3.2.

Step 1 (Setup). Assume to the contrary, i.e. assume that there exists a divisor D° € D such
that for a general point « € D° there exists a component of H, whose associated curves are all
contained in D°. Since by [Keb01, Proposition 4.1] for all y € X, the space H, is of pure dimension
n—1, we can find a closed, proper subvariety H° C H with locus(H°) = DY such that, for all points
ye D,

H)={teH"|yet}
is the union of irreducible components of H,. In particular, we have that for all y € DY, dimlocus
(HS) =n.
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Step 2 (Incidence variety). In analogy to [Keb01, Notation 4.2], define the incidence variety
V= {(a',2") € D" x D° | 2" € locus(HY)} ¢ D° x X.

Let 71,79 : V — DU be the natural projections. We have seen in Step 1 above that for every point
y € D° 7' (y) is a subscheme of X of dimension dim 7, (y) = n. In particular, V is a well-defined
family of cycles in X in the sense of [Kol96, § 1.3.10]. The universal property of the Chow variety
therefore yields a map
® : DY — Chow(X).

Since dim locus(Hg) = n < dim DY, this map is not constant. On the other hand, since D° C X
is ample, the Lefschetz hyperplane section theorem [BS95, Theorem 2.3.1] asserts that by(D%) = 1.
As a consequence, we obtain that the map ® is finite: for any given point y € D° there are at most
finitely many points y; such that locus(Hg) = locus(Hgi). In analogy to [Keb01, Lemma 4.3] we
conclude the following.

LEMMA 3.3. Let A be a unit disc and v : A — D° an embedding. Then there exists a Euclidean
open set VO C 77 (y(A)) such that mo (V) C X is a submanifold of dimension

dim (VO =n + 1.

In particular, m9(V?) is not F-integral.

Step 3 (Conclusion). We shall now produce a map v : A — D to which Lemma 3.3 can be
applied. For that, recall that D% cannot be F-integral. Thus, if y € DV is a general smooth point of
DO, then

Fpo == Fl,NTpoly
is a proper hyperplane in F|,, and the set F [%O’y of tangent vectors that are orthogonal to Fpo ,
with respect to the O’Neill tensor is a line that is contained in Fpo . The Fpo, give a (singular)
one-dimensional foliation on D° which is regular in a neighborhood of the general point y. Let

v : A — DY be an embedding of the unit disk that is an integral curve of this foliation, i.e. a curve
such that for all points ' € v(A) we have that

Tyaly = Fpo - (3.1)

Now let H C (Hompi (P!, X))req be the family of generically injective morphisms parameterizing
the curves associated with H°. Fix a point 0 € P! and set

Ha={f € H| [(0) ev(A)}.
If 1 : Ha x P! — X is the universal morphism, then it follows by construction that
p(Ha x P) = my(ry (1(A))) D ma(V7),

where VY comes from Lemma 3.3. In particular, since m2(V?) is not F-integral, there exists a smooth
point (f,p) € Ha x P! with f(p) € ma(V") and there exists a tangent vector & € Ty, xp1|(f,p) such
that the image of the tangent map is not in F":

Tpua(@) & w*(F).
Decompose @ = i’ + ", where @ € Tpi|, and " € Ty, |s. Then, since f(P') is F-integral, it
follows that Tu(w') € p*(F) and therefore

Tu(@") ¢ 1 (F). (3.2)
As a next step, since Ha is smooth at f, we can choose an immersion

G: A — Ha
t — B
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such that fy = f and such that
0
T3 <_

=/
=w .
ot t=0>

In particular, if s € HO(PY, f*(Tx)) is the section associated with " = T3((0/0t)|i=0), and s :=
15(0)(s) € HO(P', f*(L)), then the following hold:

(i) It follows from (3.2) and from [Kol96, Proposition I1.3.4] that s’ is not identically zero.
(ii) At 0 € P, the section s satisfies 5(0) € f*(T(a)) C f*(F). In particular, s'(0) = 0.

(iii) If z is a local coordinate on P! about 0, then it follows from (3.1) that (9/0z2)|o € f*(F) and
s(0) € f*(F") are perpendicular with respect to the non-degenerate form N.

Items ii and iii ensure that we can apply [Keb01, Proposition 3.1] to the family ;. Since the
section s’ does not vanish completely, the proposition states that s’ has a zero of order at least 2
at 0. But s is an element of H°(P!, f*(L)), and f*(L) is a line bundle of degree 1. We have thus
reached a contradiction, and the proof of Proposition 3.2 is finished. O

3.2 Proof of Theorem 3.1

Let 7 : U — H be the restriction of the universal P*-bundle Univ*®(X) to H and let ¢ : U — X be
the universal morphism. Consider the Stein factorization of ¢.

t=aof
U
u connected fibers finite X
Pl-bundle wl
H

Let T'C X be the union of the following subvarieties of X:

a) the components D; C D which have codimyx D; > 2, where D C X is the subvariety defined
in § 3.1;

b) for every divisorial component D; C D, the Zariski-closed set of points y € D; for which there
exists an irreducible component HS C H, such that none of the associated curves in X are
free;

c) the image 3(Xg;,,) of the singular set of X',
It follows immediately from Proposition 3.2 that codimx 7" > 2.

CLAM 3.4. The morphism 3 is unbranched away from T, i.e. the restricted morphism
Blxvr: B HXN\T) = X\T

is smooth.

Proof. Let y € 371(X \ T) be any point. To show that 3 has maximal range at y, it suffices to find
a point z € a~1(y) such that

a) z is a smooth point of U and

b) ¢ is smooth at z.

By [Kol96, ch. IT, Theorems 1.7, 2.15 and Corollary 3.5.4], both requirements are satisfied if 7(z) € H
is a point that corresponds to a free curve. The existence of a free curve in the component 7(a~!(y)),
however, is guaranteed by choice of T O
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Since X is Fano, it is simply connected. Because T'C X is not a divisor, its complement X \ T
is also simply connected. Claim 3.4 therefore implies either that X’ is reducible, or that the general
B-fiber is a single point. But X’ is irreducible by construction, and it follows that the general fiber
of ¢+ must be connected. By Seidenberg’s classical theorem [BS95, Theorem 1.7.1], the general
fiber 1 ~!(z) is then irreducible, and so is its image

H, = n("1(z)).
This ends the proof of Theorem 3.1.

4. Contact lines sharing a common tangent direction

The aim of the present section is to give a proof of part iii of Theorem 1.1. More precisely, we show
the following.

THEOREM 4.1. If z € X is a general point, then all contact lines through x are smooth, and no two
of them share a common tangent at x.

The proof is at its core a repeat performance of [KKO03, § 4.1] where the global assumptions of
[KK03, Theorem 1.3] are replaced by a careful study of the restriction of the tangent bundle T’x to
a pair of rational curves with non-transversal intersection.

4.1 Setup

We will argue by contradiction and assume throughout the rest of this section to the contrary. More
precisely, we stick to the following.

Assumption 4.2. Assume that for a general point x € X, we can find a pair ¢/ = ¢{ U/t, C X of
distinct contact lines ¢, € H that intersect tangentially at z.

The pair ¢ is then dominated by a dubby ¢ = ¢; U /5 whose singular point o = ¢; N f5 maps
to x. For the remainder of this section we fix a generically injective morphism f : ¢ — ¢ such that
f(o) = . We also fix the line bundle H := f*(L) € Pic(t:V(0).

4.2 Proof of Theorem 4.1

Assumption 4.2 implies that for a fixed point z, there is a positive-dimensional family of pairs of
curves which contain x and have a point of non-transversal intersection. Loosely speaking, we will
move the point of intersection to obtain a positive-dimensional family of dubbies that all contain
the point z (see Figure 1).

To formulate more precisely, consider the quasi-projective reduced subvariety
H C (Hom(4, X))red
of morphisms g € Hom(¢, X') such that ¢*(L) = H. Note that such a morphism will always be
generically injective on each irreducible component of ¢. Consider the diagram

I

universal morphism

Hx?
projection ﬂl
H

and conclude from Corollary 2.9 that the restricted universal morphism ji[3/y(,) is dominant. By
general choice of f, there exists a unique positive-dimensional irreducible component

My C (™" (2))
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FI1GURE 1. Proof of Theorem 4.1.

which contains f and which is smooth at f. It is clear that for a general point g € H,, the point x
is a smooth point of the pair of curves g(¢). This implies the following decomposition lemma.

LEMMA 4.3. The preimage of x decomposes as
N
p )N T (Hy) =1 U U Mis
i=1

where 71 C H, X £ is a section that intersects H, x {o} over f, but is not contained in H, x {0},
and where the n; are finitely many lower-dimensional components, dim7; < dim H,.

Proof. Since all curves in X that are associated with points of H, contain z, it is clear that there
exists a component 71 C =t (z) N7 (H,) that surjects onto H,.

We have seen above that, for g € H, general, = is a smooth point of the pair of curves g(¢),
i.e. that the scheme-theoretic intersection u~'(z) N7~ !(g) is a single closed point that is not equal
to o. Since u~1(x) N7 1(g) is necessarily discrete for all g € H,, it follows that 7 is a section that
is not contained in H, x {c}. It follows further that no other component n; of u=!(x) N7~ 1(H,)
dominates H,. In particular, dimn; < dim7;.

To see that (f,0) € 71, we first note that f(o) = 0, so that (f,o) is contained in the preimage,
(f,o) € p~H(x)N7 1 (H,). On the other hand, Fact 2.3 asserts that both (1) and f(f3) are smooth
so that 0 = f~!(z) and (f,0) = p~'(z) N7~ (f). This ends the proof. O

After renaming /1 and fs, if necessary, we assume without loss of generality that 7 C H, x ¢;.
By Proposition 2.7, the line bundle H € Pic(¢) yields an identification morphism ~ : £ — P!, Let

(Id x7) : Hg x £ — Hy x P
be the associated morphism of bundles and consider the mirror section
7y 1= (Id X)|p,xe,) (1A x7) (72).
CrAM 4.4. The universal morphism p contracts 7o to a point: j(72) = (x).

Proof. The proof of Claim 4.4 makes use of Proposition 4.11 which is shown independently in
66 4.3-4.4 below.

237

https://doi.org/10.1112/50010437X04000880 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X04000880

S. KEBEKUS

For the proof, we pick a general smooth point z € 73, and an arbitrary tangent vector v € T, |..
It suffices to show that ¥ is mapped to zero,

Tp(v) =0 € p*(Tx)|

Since 7 is a section over H,, and since H, is smooth at 7(z), we can find a small embedded
unit disc A C H, with coordinate ¢ such that Tw(¥) = 7%(9/0t)|,. For the remainder of the proof,
it is convenient to introduce new bundle coordinates on the restricted bundle A x £. It follows from
Corollary 2.10 that, after perhaps shrinking A, we can find a holomorphic map

a: A — Aut’(¢, H)

with associated coordinate change diagram

ﬂ =UOK
coord. change K "
A X/ H x £ — - X
(t,y)— (t,a(t)y) universal morphism

projection 71

A —>—= Aut(¢, H)

such that k=1(71) Uk ~!(7) is a fiber of the projection 7y : A x £ — /.

Let 7/ := k7 1(7;), 2/ := k71(2), and let ¥ € TTé|z/ be the preimage of 7, i.e. the unique tangent
vector that satisfies Tr(?") = k= !(#). The new coordinates make it easy to write down an extension
of the tangent vector ¢’ to a global vector field, i.e. to a section s € HO(A x £, Tax) of the tangent
sheaf. Indeed, if we use the product structure to decompose

Taxe = m(Ta) @ m5(Th),
then the ‘horizontal vector field’ s := 7§ (9/0t) will already satisfy s(z’) = ¢/
In this setup, it follows from the definition of H and Theorem B.2 that the section Tfi(s) €
HO(A x £, i*(Tx)) is in the image of the map
H(A x £, % (Jet' (L)Y @ L)) — HY(A x £, i*(Tx))

that comes from the dualized and twisted jet sequence (2.1).

To end the proof of Claim 4.4, let z/ € {m(2)} X £ be the mirror point with respect to the
line bundle H. Since the coordinate change respects the line bundle H, Proposition 2.7 asserts that
Z' € 71. In particular, we have that s(z') € T\ | and therefore, since 7] is contracted, Tfi(s(z')) = 0.
Proposition 4.11 implies that Ti(s(z')) = 0, too. This shows that u contracts 7o to a point. The
proof of Claim 4.4 is finished. O

Using Claim 4.4, we will derive a contradiction, showing that Assumption 4.2 is absurd. The
proof of Theorem 4.1 will then be finished.

For this, observe that 71N7~1(f) = {f} x{o}. The sections 7 and 75 are therefore not disjoint. In
this setup, Claim 4.4 implies that u(m2) = {z}, so that 79 C p~!(x). That violates the decomposition
Lemma 4.3 from above.

4.3 Sub-bundles in the pull-back of F and Tx

We will now lay the ground for the proof of Proposition 4.11 in the next section. Our line of
argumentation is based on the following fact, which is an immediate consequence of Assumption 4.2
and the infinitesimal description of the universal morphism p.
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Fact 4.5 ([Kol96, Proposition 11.3.4] and Fact B.1). In the setup of § 4.1, let o € ¢ be the singular
point. Then the restriction morphism

HO(0, f*(Tx)) = f*(Tx)lo

is surjective. In other words, the vector space f*(Tx)|, is generated by global sections.

Recall from Fact 2.3 that the non-negative part of the restriction of the vector bundle F' to one
of the smooth contact lines ¢; was denoted by F' |2_0. We use Fact 4.5 to show that the two vector

bundles F' |é>10 on {1 and F \ZO on /o together give a global vector bundle on .

LEMMA 4.6. There exists a vector bundle f*(F)?° C f*(F) on ¢ whose restriction to any of the
irreducible components ¢; equals F|i0 C f*(F). If y € ¢ is a general point, then the restriction
morphism

HO(, f*(F)7°) — fA(F)7°,

is surjective.
Proof. By Fact 4.5, we can find sections s, ..., 89,1 € HO(¢, f*(Tx)) that span
Tf(Tolo)t = Tf(Telo)™ C f*(F)lo

where o € (£1 N {a)eq is the singular point of ¢, and where L means: ‘perpendicular with respect
to the O’Neill tensor N’. Note that the sections si,...,S2,_1 become linearly dependent only at
smooth points of the curve £. Thus, the double dual of the sheaf generated by si,...,s9,-1 is a
locally free subsheaf of f*(Tx).

It follows from Fact 2.4 that s1|,,. .., San—1le, are in fact sections of f*(F') that generate F |i_0 on
an open set of ¢;. The claim follows. O

COROLLARY 4.7. There exists a vector sub-bundle T' C f*(F') whose restriction to any component ¢;
is exactly the image of the tangent map

T|fi = Image(Tf : Téi - f*(TX)Vi)'
Since f|s, is an embedding, T'|,, is of degree 2.

Proof. By Fact 2.3, we can set T := (f*(F)>")*. O

The vector bundle f*(F)>" is a sub-bundle of both f*(F) and f*(Tx). As a matter of fact, it
appears as a direct summand in these bundles.

LEMMA 4.8. The vector bundle sequences on £
0— f*(F)?° — [*(F) — f*(F)/f(F)?° =0 (4.1)
and
0— fH ()" — fA(Tx) — f*(Ix)/f(F)7° =0 (4.2)
are both split. We have f*(Tx)/f*(F)?" = O, ® O,.

Proof. In order to show that sequence (4.1) splits, we show that the obstruction group

Exty(f*(F)/f*(F)?°, f*(F)?°) = H'(¢, (f*(F)/f*(F)iO)V ® f*(F)*°)
=:£

vanishes. If ¢; C ¢ is any component, it follows immediately from Fact 2.3 that
(f*(F)/ [ (F)?%)]e; = O, (1)
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and
5|€i = Oei (3) ©® Ofi(2)@n_1 ©® Ofi(l)@n_l'
By Lemma 2.12, H!(¢,€) = 0. That shows the splitting of the sequence (4.1).

As a next step, we will show that the quotient f*(Tx)/f*(F)>" is trivial. By Fact 4.5, we can find
two sections s1,s2 € HY(Z, f*(Tx)) such that the induced sections s}, s, € H((, f*(Tx)/f*(F)>°)
generate the quotient f*(T'x)/f*(F)?°|, at the singular point o € £. Restricting these sections to £;,
it follows that the sections

S/1|Ziv 8,2|fi € HO(EZH f*(TX)/f*(F)>O|& )

~0,,80,, by Fact 2.3

do not vanish anywhere and are everywhere linearly independent. As a consequence, the induced
morphism of sheaves on /¢
O 0p — fHTx)/f*(F)*°
(g:h) = g-si+h-s)

is an isomorphism, and the map

OO0, — A (Tx)
(g,h) = g-s1+h-s

splits the sequence (4.2). O
COROLLARY 4.9. The natural morphism
HO(L, f1(QX) — HO(, f*(F)Y),
which comes from the dual of the contact sequence (1.1), is an isomorphism.
Proof. The morphism is part of the long exact sequence
0 — HO(6, f*(L)") — H(C, [*(Q%)) — HOW f*(F)Y) — -+
Since f*(L)Y is a line bundle whose restriction to any irreducible component ¢; C £ is of degree —1,
there are no sections to it: h%(¢, f*(L)¥) = 0. It remains to show that h°(¢, f*(QL)) = RO, f*(F)V).
The direct sum decomposition of Lemma 4.8 yields
RO, f*(F)Y) = WO (FF(F)Z0)Y) + WO (F*(F)/f*(F)?)Y)
=2 by Fact 2.3 and Proposition 2.7
hO(6, F* () = WO (F(F)Z0)Y) + RO (F*(Tx) [ (F)7°)Y) -

=h0(01@01)22 by Lemma 4.8

The corollary follows. O

4.4 The vanishing locus of sections in the pull-back of Tx

Using Corollary 4.9, we can now establish a criterion, Proposition 4.11, that guarantees that certain
sections in f*(Tx) that vanish at a point y € ¢ will also vanish at the mirror point. The following
lemma is a first precursor.

LEMMA 4.10. In the setup of § 4.1, let y € £ be a general point and let s € H°(¢, f*(Tx)) be a
section that vanishes at y. Then the associated section s' € HO(¢, f*(Tx)/T) vanishes at the mirror
point 3. Here T is the vector bundle from Corollary 4.7.
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Proof. We claim that s € HO(¢, f*(F)). The proof of this claim is a twofold application of Fact 2.4.
If we assume without loss of generality that y € ¢1, then a direct application of Fact 2.4 shows that
sle, € HO(El,FﬁO). If 0 = (f1 N ¥l2)req is the singular point, this implies that s(o) € (F|é>10)|g =
(F \ZO)|0. Another application of Fact 2.4 then shows the claim.

As a consequence, in order to show Lemma 4.10 it suffices to show that the associated section
s € HO(¢, f*(F)/T) vanishes at 7. We assume to the contrary.

Since T+ = f*(F)?°, the non-degenerate O’Neill tensor gives an identification

FHE)Z0Ly = ((F(F)/T)Y @ f*(L))ly-

By Lemma 4.6, we can therefore find a section t € HY(¢, f*(F)?") such that s and ¢ pair to give a
section

N(s,t) € HO(¢, f*(L))

that vanishes at y, but does not vanish on 3. That is a contradiction to Proposition 2.7. U

In Lemma 4.10, it is generally not true that the section s vanishes at ; to a given section s,
we can always add a vector field on ¢ that stabilizes y, but does not stabilize the mirror point 7.
However, the statement becomes true if we restrict ourselves to sections s that come from L-jets.

PROPOSITION 4.11. In the setup of § 4.1, let y € ¢ be a general point and s € H°({, f*(Tx)) be a
section that vanishes on y. If s is in the image of the map

HOC, f*(Jet'(L)" @ L)) — HO(L, f*(Tx))
that comes from the dualized and twisted jet sequence (2.2), then s vanishes also at the mirror
point .
The proof of Proposition 4.11 requires the following lemma, which we state and prove first.

LEMMA 4.12. Let s € H(¢, f*(F)) be a section and let D € |f*(L)| be an effective divisor that is
supported on the smooth locus of ¢. If s vanishes on D, then s is in the image of the map

HO(¢, f*(Jet (L)Y @ L)) — HO(¢, f*(Tx))

that comes from the dualized and twisted jet sequence (2.2).

Proof. In view of Fact 2.1, we need to show that s is in the image of the map
a:HO( f*(Qx @ L)) — HO(L, f*(F))

that comes from the dualized and twisted contact sequence (2.1). For that, let ¢t € HO(¢, f*(L)) be
a non-zero section that vanishes on D. Using the O’Neill tensor N to identify F' with FV ® L, we
can view s as a section that lies in the image

HO(C, f*(FY)) ——=H(¢, f*(F¥ @ L)) .
The claim then follows from Corollary 4.9, and the commutativity of the following diagram.

surjective

HO, f2(0)) oo O f(1)

'tl l.t

HOW, f*(Q% ® L)) —= HO(¢, f*(FV @ L)) O
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Proof of Proposition 4.11. Since s € HO(¢, f*(F)), Fact 2.1 implies that s is in the image of the map
a from the long exact sequence associated with the dualized and twisted contact sequence (2.1)

0— H(¢, f*(Ox)) — HO(L, f*(Qx @ L)) = HO(U, f*(F)) — H' (¢, f*(Ox)) = -+ . (4.3)
~C =~C by Remark 2.6

By Lemma 4.10, the vector space
Hyy == {r € H(¢, f*(F)) | 7(y) = 0.7(y) = 0}
is a linear hyperplane in
Hy:={r € H((, f*(F)) | 7(y) = 0}.
Because Oy(y +7) = f*(L), Lemma 4.12 implies that
Hy C Image(a) N H,,.
But codim oy, 1+(F)) Image(a) < 1, so that there are only two possibilities here:
(i) H, C Image(c) and Image(a) N H, = Hy,
(i) Image(a) N Hy = Hyy.
Observe that Proposition 4.11 is shown if we rule out possibility i. For that, it suffices to show that

there exists a section ¢ € H, which is not in the image of a.

To this end, let § € H°(X, Q% @ L) be the nowhere-vanishing L-valued 1-form that defines the
contact structure in sequence (1.1). The beginning part of sequence (4.3) says that its pull-back
f*(0) € H(¢, f*(Q% ® L)) is, up to a multiple, the unique section that is in the kernel of a. If we
fix i € {0,1}, then the analogous sequence for f|,, tells us that f*(6)|s, is the unique (again up to a
multiple) section in H°(¢;, (f|s,)* (24 ® L)) which is in the kernel of as,. As a consequence, there
exists no section u € HO(¢, f*(Q ® L)) such that a(u) vanishes on one component of £ = ¢ U /s,
but not on the other.

By Lemma 2.11, however, there exists a section t € H(¢,T) ¢ H°(¢, f*(F)) that vanishes on
the component of y and not on the other. The section ¢ is therefore contained in H, but not in
Image(«). This ends the proof of Proposition 4.11. O

5. Contact lines sharing more than one point

As a last step before the proof of the main theorem, we show property iv from the list of Theorem 1.1.

THEOREM 5.1. Let «x € X be a general point and let ¢1, {5 be two distinct contact lines through x.
Then ¢y and {5 intersect in x only, {1 N ly = {z}.

The proof is really a corollary to the results of the previous section. In analogy to Definition 2.5,
we name the simplest arrangement of rational curves that intersect in two points.

DEFINITION 5.2. A pair with proper double intersection is a reduced, reducible curve, isomorphic
to the union of a line and a smooth conic in P? intersecting transversally in two points.

T T

Proof of Theorem 5.1. We argue by contradiction and assume that for a general point x there is
a pair of contact lines /1, f5 through x which meet in at least one further point. The pair ¢; U {5
will then be dominated by a pair with proper double intersection ¢ = ¢; U ¢,. More precisely, there
exists a generically injective morphism f : £ — ¢1 U ¢y which maps ¢; to ¢; and which maps one of
the two singular points of £ to x. Let y € £ be that point.
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Since z is assumed to be a general point, there exists an irreducible component of the reduced
Hom scheme

H C [Hom(4, X)]red

with universal morphism p : H x £ — X such that the restriction

p = plpsgy c H— X

is dominant. We can further assume that f is a smooth point of H and that the tangent map T/’
has maximal rank 2n 4+ 1 at f.

By Fact 2.3 and Theorem 4.1, the tangent spaces 1y, |, C F|, and Ty,|, C F|, are both one-
dimensional and distinct. We can thus find a tangent vector ¥ € F'|, which is perpendicular (with
respect to the non-degenerate O’Neill tensor) to 17, |, but not to 7y, |,. Since the tangent map

Tu'ly: THlp — Tx|e

has maximal rank, we can find a tangent vector s € Tx|s such that Ty (s) = ¥. By [Kol96,
Proposition I1.3.4] that means that we can find a section

s € Twly = HO(C, f*(Tx))

with T/ (s(y)) = v € f*(Tx).

Now let 6 : Tx — L be the L-valued 1-form that defines the contact structure in sequence (1.1).
We need to consider the section s’ := f*(0)(s) € H(¢, f*(L)). Recall Fact 2.4 which asserts that s’
vanishes identically on ¢}, but does not vanish identically on ¢,. In particular, ¢; N ¢} is contained
in the zero-locus of §'| ¢, and we have

deg f*(L)lg, = #(6 N ey) = 2.

But /5 is a contact line and f*(L)|y, is a line bundle of degree 1, a contradiction. O

6. Proof of the main results

6.1 Proof of Theorem 1.1

In view of Theorem 3.1, to prove Theorem 1.1, it only remains to show that locus(H,) is a cone.
This will turn out to be a corollary to Theorems 4.1 and 5.1.

Let ﬁx be the normalization of the subspace H, C H of the contact line through x. Since all
contact lines through x are free, it follows from [Kol96, ch. IT, Proposition 3.10 and Corollary 3.11.5]
that H, is smooth. We have a diagram

Z:ﬁfloL/ - /7X
-7 3| blow-up of x
-
~ - L
U, X

evaluation morphism

s

H,

where U, is the pull-back of the universal P!-bundle Univ™(X), ¢ the natural evaluation morphism,
and X = BlowUp(X, x) the blow-up of = with exceptional divisor E. Since all contact lines through
x are smooth, the scheme-theoretic fiber :~!(z) is a Cartier-divisor in U,, and it follows from the
universal property [Har77, ch. II, Proposition 7.14] of the blow-up that i = 37! o is actually a
morphism.
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To show that locus(H,) = Image(¢) really is a cone in the sense of [BS95, § 1.1.8], it suffices to
show that 7 is an embedding, i.e. that ¢ is injective and immersive.

(i) Injective. Let y € Image(i) be any point. If y € E, Theorem 4.1 asserts that #i~!(y) = 1. If
y € E, the same is guaranteed by Theorem 5.1.

(i) Immersive. Fact 2.3 implies that for every m-fiber £ =2 P!, we have
(Tl = Op1(2) ® OL ' @ Opa (—1)®7 .
Under this condition, [Kol96, ch. IT, Proposition 3.4] shows that ¢ is immersive as required.

This ends the proof of Theorem 1.1.

6.2 Proof of Corollary 1.2

Once Theorem 1.1 is shown, the proof of [Hwa01l, Theorem 2.11] applies nearly verbatim to contact
manifolds. Note, however, that the estimate of [Hwa0l, Theorem 2.11] is not optimal. For the
reader’s convenience, we recall the argumentation here.

Assume that the tangent bundle T’y is not stable. By [Hwa98, Proposition 4], this implies that
we can find a subsheaf G C T'x of positive rank with the following intersection property. If x € X
is a general point, C, C P(Tx|Y) the projective tangent cone of locus(H,), y € C, a general point
and T C P(Tx|Y) the projective tangent space to C, at y, then

rank(G)
dim X
We will show that this leads to a contradiction. Let

(S ]P)(TX|\m/) \]P)(g‘\x/) N ]PydimX—rank(g)—l

dim(T NP(G|))) >

(n+1)—1 (6.1)

be the projection from P(G|Y) to a complementary linear space, and let ¢ be the generic fiber
dimension of ¢|c,. We will give two estimates for g.

FEstimate 1. Since a tangent vector in T¢, |, is in the kernel of the tangent map T'(¢|c,) if the asso-
ciated line in T intersects P(G[Y), Equation (6.1) implies that the kernel of T'(¢|¢c,) is of dimension

rank(G)
dim X

dimker(T(¢|c,)) = (n+1).

As a consequence, we have

rank(G)
dim X

q= (n+1). (6.2)

Estimate 2. Let T' C PdimX-rank(9)=1 he the projective tangent space to the (smooth) point t(y)
of the image of . Then »~!(T") is a linear projective subspace of dimension

dim ¢~ HT") = dim T + rank(G) = (dimC, — q) + rank(G).

This linear space is tangent to C, along the fiber of |c, through y. Since C, is smooth by
Theorem 1.1, Zak’s theorem on tangencies [Zak93] (see also [Hwa01l, Theorem 2.7]) asserts that
dim(fiber of ¥|c, through a) < dim(y~1(T")) — dimC,
q¢ < (dimC, — g + rank(G)) — dimC,

rank(G)
—

N

q
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Application of the Estimates. Combining Estimate 2 with Estimate 1 in (6.2), we obtain
rank(G) rank(G)
dim X 2
2(n+1) < dim X.

(n+1) <

But we have dim X = 2n + 1, a contradiction. Corollary 1.2 is thus shown.

6.3 Proof of Corollary 1.3
This corollary follows directly from Theorem 1.1 and [Hwa01l, Theorem 3.2].
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Appendix A. A description of the jet sequence

A.1 The first jet sequence

Let X be a complex manifold (not necessarily projective or compact) and L € Pic(X) a line
bundle. Throughout the present paper, we use the definition for the first jet bundle Jetl(L) that
was introduced by Kumpera and Spencer [KS72, ch. 2] and now seems to be standard in algebraic
geometry (see also [BS95, Ch. 1.6.3]). One basic feature of the first jet bundle of L is the existence
of a certain sequence of vector bundles, the first jet sequence of L,

0— QoL L et (L) L —o0. (A.1)
There exists a morphism of sheaves,
Prolong : L — Jet!(L),

called the ‘prolongation’, which makes (A.1) a split sequence of sheaves. The first jet sequence is,
however, generally not split as a sequence of vector bundles, and the prolongation morphism is
definitely not Ox-linear. In fact, an elementary computation using the definition of Jet!(L) from
[KS72] and the construction of differentials from [Mat89, ch. 25] yields that, for any open set U C X,
any section o € L(U) and function g € Ox(U), we have

Prolong(g - o) = ¢ - Prolong(o) + v(dg ® o).

A.2 Jets and logarithmic differentials

The definitions of [KS72] are well suited for algebraic computations. If we are to apply jets to
deformation-theoretic problems, however, it seems more appropriate to follow an approach similar
to that of Atiyah [Ati57], and to describe jets in terms of logarithmic tangents and differentials on
the (projectivized) total space of the line bundle. We refer to [KPSWO00, § 2.1] for a brief review
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of Atiyah’s definitions. While the relation between [KS72] and our construction here is probably
understood by experts, the author could not find any reference. A detailed description is therefore
included here.

Set Y := P(L ® Ox). We denote the natural P!-bundle structure by 7 : ¥ — X and let
¥ = ¥pUXs C Y be the union of the two disjoint sections that correspond to the direct sum
decomposition. By convention, let ¥, be the section whose complement Y \ ¥ is canonically
isomorphic to the total space of the line bundle L.

Let Q%, (log X2) be the locally free sheaf of differentials with logarithmic poles along 3. This sheaf,
which contains Q%/ as a subsheatf, is defined and thoroughly discussed in [Del70, § I1.3]. In particular,
it is shown in [Del70, § I1.3.3] that the sequence of relative differentials

0—>7T*Q§(—>Q%/—>Q%,‘X—>O
restricts to an exact vector bundle sequence of logarithmic tangents
0 — 1*Qy — Q- (log ) — Oy x (log £) — 0.

Since R'm, (7*(02})) = 0, we can push down to X, twist by L and obtain a short exact sequence as
follows:

0— kL% mnob(logE)® L — m0 y(log£) ® L — 0. (A.2)
We will show that sequence (A.2) is canonically isomorphic to the first jet sequence (A.1) of L.

THEOREM A.l. With the notation from above, there exists an isomorphism of vector bundles
a: 18 (log¥) @ L — Jet'(L)
such that the diagram

0—> 0L ® L 7,0l (log %) ® L —> m x (log£) © L —

Identityl la (A.3)

0—=Q4k®L Jet\(L) —————1 0

Prolong

2

commutes, i.e. Y = o f3.

In Appendix B, where deformations of morphisms are discussed, we will need to consider tangents
rather than differentials. For that reason, we state a ‘dualized and twisted’ version of Theorem A.1.
Recall from [Del70, § 11.3] that the dual of Qi (logX) is the locally free sheaf Ty (—log ¥) of vector
fields on Y which are tangent to ..

COROLLARY A.2. There exists an isomorphism A of vector bundles such that the diagram

VeId
Jet'(L)Y @ L T e T

l A l Identity

W*Ty(—log E) TX

tangent map T'm
commutes.
Informally speaking, we can say the following.

Summary A.3. A vector field on the manifold X comes from L-jets if and only if it lifts to a vector
field on Y whose flow stabilizes ¥ and Y.
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Proof of Theorem A.1.

Setup. Let U C X be an open set and o € L(U) a nowhere-vanishing section. We will construct
the isomorphism « locally at first by defining an O x-linear morphism

ave : 18y (log T) @ L)(U) — [Jet' (L))(V),
which we will later show not to depend on the choice of the section o. It will then follow trivially
from the construction that the various oy, glue together to give a morphism of vector bundles.

Throughout the proof of Theorem A.1, we constantly identify sections [ (log¥) ® L](U)
with [} (log 2) @ 7*(L)](7~1(U)). Likewise, we will use the letter o to denote the subvariety of
P(L ® Ox)|u that is associated with the section.

Definition of ay,,. In order to define oy, use the nowhere-vanishing section o to introduce a
bundle coordinate on 7~1(U), which we can view as a meromorphic function z on 7~ !(U) with
a single zero along ¥y and a single pole along Y, such that

axz:m YU)— U xP!

is an isomorphism with z|, = 1. The coordinate z immediately gives a differential form
1
dlog 2 := —dz € [Q3 (log ©)](7~1(U))

with logarithmic poles along both components of . Note that dlog z yields a nowhere-vanishing
section of the line bundle Q%/‘ «(log ) of relative logarithmic differentials. As a consequence, there
exists a relative vector field

U. € [Ty|x (~log X))(n~(U))

with zeros along ¥ which is dual to dlog z, i.e. (dlog z)(¥,) = 1. In the literature, ¥, is sometimes
denoted by zd/0z, but we will not use this notation here.

With these notations, if w € [Q} (log¥) ®@ 7*(L)](7~1(U)) is a 7*(L)-valued logarithmic form,
set

ape(w) :=y(w —dlog z @ w(v,)) + z o w(¥,) - Prolong(o).

=:0

As an explanation, we point out that w(%,) is a section of [7*(L)](7~1(U)) so that we can regard
z ow(?,) as a function. It is an elementary calculation in coordinates to see that 6 is a regular
L-valued 1-form on 7~ 1(U) that vanishes on relative tangents. We can therefore see 6 as the pull-
back of a uniquely determined L-valued 1-form on U. In particular, v(6) is a well-defined 1-jet in
et (L))(U).

Injectivity. It follows immediately from the definition that oy, is injective. Namely, if oy o (w)
= 0, then the exactness of the second row of diagram (A.3) implies that

0 =0, i.e. that w = w(¥,) dlog(2)
and
zow(U,) =0, i.e. that w(v;) = 0.
Together this implies that w = 0.
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Coordinate change. Let 7 € L(U) be another nowhere-vanishing section, 7 = ¢g - o with g €
O%(U). The section 7 gives rise to a new bundle coordinate z’. We have

1
7 ==.2 dlog =dlogz —dlogg
g
and therefore
Uyt = Uy
Using these equalities, it is a short computation to see that ay, and ay r agree:
ayr(w) = v(w—dlog 2’ @ w(v,)) — 2’ ow(,) - Prolong(t)
= y(w — [dlog z — dlog g] ® w(?}))
- g ow(t,) - [¢g - Prolong(o) + v(dg ® )]
=y(w —dlogz ® w(¥,)) — z o w(,) - Prolong(c)

F1(dlogg ®w(ik)) — ~ o w(i)(dg © 0)

= aye(w) +7<[ dlogg — édg } ®W(ﬁz)>-

—_———
=0

We have thus constructed an injective morphism of sheaves. We will later see that « is an isomor-
phism.

Commutativity of diagram (A.3). Let 0 € [Q% ® L](U). The image $(6) is nothing but the
pull-back of 6 to #~1(U). In particular, if z is any bundle coordinate, we have that 3(0)(#,) = 0.
Therefore

a0 0 5(0) =7 (5(0) — dlog = ® f(6) (7)) — = 0 f(6) () - Prolong(o)
=0 =0

=7(8(0)),

where we again identify a form 6 with its pull-back.

End of proof. It remains to show that the sheaf-morphism « is isomorphic, i.e. surjective.
Because diagram (A.3) is commutative, to show that « is surjective, it suffices that o« is surjective.
Let 0 € L(U) again be a nowhere-vanishing section and let 7 € L(U) be any section, 7 = g - o,
where g € Ox (U). We show that 7 is in the image of § o ay,.

For this, let z be the bundle coordinate that is associated with o and set

w:=dlogz® (g-0).

We have
doape(w) =0(v(--+)+zow(t;) - Prolong(cs))
=0
=6(zo00-g-dlogz(vU,)-Prolong(o
(‘El,g g_l( ) g(o))
= g-6(Prolong(o)) =g-0=r1.
The proof of Theorem A.1 is thus finished. O
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Appendix B. Morphisms between polarized varieties

B.1 The tangent space to the Hom scheme

Let X be a complex-projective manifold, ¢ a projective variety and f : £ — X a morphism. It is well
known that there exists a scheme Hom(¢, X') that represents morphisms ¢{ — X (see e.g. [Kol96,
ch. I}). In particular, there exists a functorial one-to-one correspondence between closed points
of Hom(¢,X) and actual morphisms. As a consequence we have a ‘universal morphism’
Hom(¢, X) x £ — X. It is known that the tangent space to Hom(¢, X) is naturally identified with
the space of sections in the pull-back of the tangent bundle

THom(ﬁ,X) ‘f = HO(& f*(TX))
In the most intuitive setup, this identification takes the following form.

Fact B.1. Let A be the unit disc with coordinate t and let
f: A — Hom(4 X)
t - ft

be a family of morphisms. If j : A x { — X is the induced universal morphism, then
0
T+ =
(7
is naturally identified with
0
Tul =
“(%)

The identification has become so standard that we often wrongly write ‘equal’ rather than
‘naturally isomorphic’.

> € f*(Trom(e,x)| fo) = Tom(e,x) | fo
=0

o1 € HO({0} x £, " (Tx)loy0) = HO(L, f5(Tx)).

B.2 The pull-back of line bundles

In this paper we need to consider morphisms of polarized varieties. More precisely, we fix a line
bundle L € Pic(X) and wish to understand the tangent space to fibers of the natural morphism

P: Hom({,X) — Pic(¥)

g — g (L).
It seems folklore among a handful of experts that the tangent map
TPlr: Taomex)lr — Teico)lr=()

—HOWP(TX)  —m1(60,)

can be expressed in terms of the first jet sequence of L in the following way. Dualize sequence (A.1)
and twist by L to obtain

0— Ox — Jet'(L)¥ ® L — Tx — 0. (B.1)

The tangent map 7T'P is then the first connecting morphism in the long exact sequence associated
to the f-pull-back of (B.1),

- — HO(, f*(Jet (L)Y ® L)) — HO(L, f*(Tx)) =25 HY(6,0) — - --

For lack of a reference, we will prove the following weaker statement here which is sufficient for our
purposes. More details will appear in a forthcoming survey.

THEOREM B.2. Let A be the unit disc with coordinate t and
f: A — Hom({,X)
t = ft
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be a family of morphisms. Assume that there exists a line bundle H € Pic(¢) such that for all t € A
we have f}(L) = H. Then the tangent vector

0 *
Tf <E > € THom(é,X)|fo = HO(E) fO (TX))
t=0

is contained in the image of the morphism
HO(C, fy(Jet'(L)" ® L)) — H°(L, f5(Tx))

which comes from the dualized and twisted jet sequence (B.1).

The proof of Theorem B.2 may look rather involved at first glance, but with the results of
Appendix A, its proof takes little more than a good choice of coordinates on the projectivized line
bundles and an unwinding of the definitions.

Proof of Theorem B.2.

Step 1. Consider the following diagram.

o
A Xl — ,
universal morphism
projection ng
L

As a first step, we will find convenient coordinates on the pull-back of the P!-bundle over X,
wP(L®Ox) =P(u*(L) & Oaxe).

Since Pic(A) = {e}, there exists an isomorphism p*(L) = 75(H) which induces an isomorphism
WP(LdOx) 2 AXP(H®Oy).

We use these coordinates to write the base change diagram as follows.

AxPH®O) L ~P(LoOx)

ﬁl l (B.2)

A X/ X

For convenience of notation, write Y := P(L & Ox) and Y/ := A x P(H & Oy). Let ¥y C Y’/ and
Yx C Y be the disjoint union of the sections that come from the direct sum decompositions. It is
clear from the construction that ji(3,) C Xx.

Step 2. Recall from [Har77, Remark I11.9.3.1] that there exists a natural morphism of sheaves
a: p'm(Ty (—log Xx)) — i (Ty (—log Xx)).
Although p is not flat, we claim the following.
CrLAM B.3. The map « is an isomorphism.

Proof. Because the claim is local on the base, we can assume without loss of generality that the
locally trivial P!-bundle 7 is actually trivial. For trivial P!-bundles, however, [Del70, Proposi-
tion I1.3.2(iii)] shows that the logarithmic tangent sheaf decomposes as

Ty (—logXx) = Oy & n* (Tx).

For these two sheaves, Claim B.3 follows easily from the commutativity of diagram (B.2) and from
the projection formula. O
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Step 3 (Conclusion). To avoid confusion, we name the canonical liftings of vector fields on A

o
Tup = 5 € HOY' Ty,

0
Tdown = a c HO(A X gaTAXf)-

In view of Fact B.1, to prove Theorem B.2, it suffices to show the following stronger statement.

CrLAaM B.4. The vector field
Tp(Taown) € H(A x £, " (Tx))
is in the image of
B HY(A x £, (Jet' (L)Y @ L)) — HY(A x £, 1" (Tx)).
Use Corollary A.2 and the results of Step 2 to identify
HO(A x £, p*(Jet' (L)Y @ L)) = H(Y', i*(Ty (~log £x)))
HO(A x 0,5 (Tx)) = HOY', i (T)).

These identifications make it easier to write down 3. Namely, by Corollary A.2, 5 becomes nothing
but the pull-back of the tangent map of 7, i.e. 3 = p*(T'w). Claim B.4 is thus reformulated as
follows.

Cramm B.5. The vector field
Ti(ryp) € H'(Y', i (Tx))

is in the image of

i (Tm) : HO(Y', i* (Ty (<log £x))) — HO(Y', i*n*(Tx)).

In this formulation, the proof of Claim B.4, and hence of Theorem B.2, becomes trivial. The

only thing to note is that

Tji(rup) € H(Y', i (Ty (—log £x))) € HO (Y, ji*(Ty ).
That, however, follows from the facts that 7y, € HO(Y’,Ty/(—log¥;)) and that i(X,) C Zx.

Theorem B.2 is thus shown. O

REFERENCES

Atib7 M. F. Atiyah, Complex analytic connections in fibre bundles, Trans. Amer. Math. Soc. 85 (1957),
181-207.

BS95 M. C. Beltrametti and A. J. Sommese, The adjunction theory of complex projective varieties,
de Gruyter Expositions in Mathematics, vol. 16 (Walter de Gruyter, Berlin, 1995).

Del70 P. Deligne, E'quations différentielles a points singuliers réguliers, Lecture Notes in Mathematics,

vol. 163 (Springer, Berlin, 1970).

Har77 R. Hartshorne, Algebraic geometry, Graduate Texts in Mathematics, vol. 52 (Springer, New York,
1977).

Hwa98 J.-M. Hwang, Stability of tangent bundles of low-dimensional Fano manifolds with Picard
number 1, Math. Ann. 312 (1998), 599-606.

Hwa01l J.-M. Hwang, Geometry of minimal rational curves on Fano manifolds, in School on vanishing
theorems and effective results in algebraic geometry (Trieste, 2000), ICTP Lecture Notes, vol. 6
(Abdus Salam International Center for Theoretical Physics, Trieste, 2001), 335-393. Available on
the ICTP website at http://www.ictp.trieste.it/~pub_off/services

Keb01 S. Kebekus, Lines on contact manifolds, J. reine angew. Math. 539 (2001), 167-177.

251

https://doi.org/10.1112/50010437X04000880 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X04000880

LINES ON COMPLEX CONTACT MANIFOLDS, II

KKO03 S. Kebekus and S. Kovacs, Are minimal degree rational curves determined by their tangent vectors?
Ann. Inst. Fourier (Grenoble) 54 (2004), 53-80.

Kol96 J. Kollar, Rational curves on algebraic varieties, Ergeb. Math. Grenzgeb. (3), vol. 32 (Springer,
Berlin, 1996).

KPSWO00 S. Kebekus, T. Peternell, A. J. Sommese and J. A. Wisniewski, Projective contact manifolds,
Invent. Math. 142 (2000), 1-15.

KS72 A. Kumpera and D. Spencer, Lie equations, vol. I: General theory, Annals of Mathematics Studies,
vol. 73 (Princeton University Press, Princeton, NJ, 1972).

LeB95 C. LeBrun, Fano manifolds, contact structures and quaternionic geometry, Internat. J. Math. 6
(1995), 419-437.

Mat89 H. Matsumura, Commutitative ring theory, Cambridge studies in advanced mathematics, vol. 8
(Cambridge University Press, Cambridge, 1989).

Zak93 F. L. Zak, Tangents and secants of algebraic varieties, Translations of Mathematical Monographs,

vol. 127 (American Mathematical Society, Providence, RI, 1993).

Stefan Kebekus stefan.kebekus@math.uni-koeln.de
Mathematisches Institut, Universitiat zu Kéln, Weyertal 86-90, 50931 Koln, Germany

252

https://doi.org/10.1112/50010437X04000880 Published online by Cambridge University Press


mailto:stefan.kebekus@math.uni-koeln.de
https://doi.org/10.1112/S0010437X04000880

	Contents
	1 Introduction
	1.1 Setup and statement of the main result
	1.2 Outline of this paper

	2 Known facts
	2.1 Jet bundles on contact manifolds
	2.2 Contact liines
	2.3 Dubbies

	3 Irreducibility
	3.1 Contact lines with special splitting type
	3.2 Proof of Theorem 3.1

	4 Contact lines sharing a common tangent direction
	4.1 Setup
	4.2 Proof of Theorem 4.1
	4.3 Sub-bundles in the pull-back of $F$ and $T_X$
	4.4 The vanishing locus of sections in the pull-back of $T_X$

	5 Contact lines sharing more than one point
	6 Proof of the main results
	6.1 Proof of Theorem 1.1
	6.2 Proof of Corollary 1.2
	6.3 Proof of Corollary 1.3

	Appendix A. A description of the jet sequence
	A.1 The first jet sequence
	A.2 Jets and logarithmic differentials

	Appendix B. Morphisms between polarized varieties
	B.1 The tangent space to the Hom scheme
	B.2 The pull-back of the line bundles

	References

