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Abstract

Let .# be a von Neumann algebra with a faithful normal trace 7, and let H™ be a finite, maximal,
subdiagonal algebra of .# . We prove that the Hilbert transform associated with /> is a linear continuous
map from L' (.#, 7) into L (. , 7). This provides a non-commutative version of a classical theorem
of Kolmogorov on weak type boundedness of the Hilbert transform. We also show that if a positive
measurable operator b is such that blog* b € L'(.#, ) then its conjugate b, relative to H> belongs to
L'(.# , 1). These results generalize classical facts from function algebra theory to a non-commutative
setting.
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1. Introduction

The theory of conjugate functions has been a strong motivating force behind various
aspects of harmonic analysis and abstract analytic function spaces. This theory
which was originally developed for functions in the circle group T has found many
generalizations to more abstract settings of function algebras such as Dirichlet algebras
in [6] and weak*-Dirichlet algebras in [15]. Results from this theory have been proven
to be very fruitful for studying Banach space properties of the Hardy spaces (and their
relatives) associated with the algebra involved (see for instance [3] and [17]).

The notion of conjugate operators, Hilbert transforms along with Riesz projections
for non-commutative settings have been considered by several authors. For instance,
one can find implicitly in a paper of Zsido [30] that for 1 < p < oo, the Hilbert
transform is a bounded linear map on non-commutative L” associated with a general
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semifinite von Neumann algebra. Zsido’s approach was to study representations of
locally compact groups of operators. The same line of ideas were used by Berkson et
al [13]) and Asmar et al [2] to obtain some versions of Riesz projection boundedness
for the case 1 < p < oc. Very recently Dodds er al [11] also considered Riesz
projection for the case of symmetric spaces of measurable operators affiliated with
semifinite von Neumann algebras.

The main purpose of the present paper is to investigate the Hilbert transform for
the case p = 1. It is well known that the classical Hilbert transform is of weak type
1-1 that is a continuous linear map from L'(T) into the space L'>(T). This can
be obtained from the so called Kolmogorov inequality. This result was proved to be
valid for the case of weak™Dirichlet algebra by Hirschman and Rochberg [15]. A
question that arises naturally from these facts is whether or not a non-commutative
analogue of Kolmogorov’s theorem is valid. Let .# be a von Neumann algebra with a
faithful, normal finite trace . Arveson [1] introduced, as non-commutative analogues
of weak*Dirichlet algebras. the notion of finite, maximal subdiagonal algebras of .#
(see definition below). Subsequently several authors studied the (non-commutative)
H?-spaces associated with such algebras (see for instance, [16, 20, 22, 24, 25]).

We prove that most fundamental theorems on conjugate operation on Hardy spaces
associated with weak* -Dirichlet (see [6] and [15]) remain valid for Hardy spaces
associated with finite subdiagonal algebras. In particular, we show that the conjugation
operator is a continuous linear map from L'(.#, ) into L"*°(.#, 7). This allows us
to conclude that, as in the commutative case, the Hilbert transform is bounded from
L'(A . 1t)into L7 (A, 1) for 0 < p < 1.

We refer to [23,26] and [27] for general information concerning von Neumann
algebras as well as basic notions of non-commutative integration, to [7] and [19] for
Banach space theory and to [14] and [31] for basic definitions from harmonic analysis.

2. Definitions and some preliminary results

Throughout, H will denote a Hilbert space and .# C Z(H) a von Neumann
algebra with a normal, faithful finite trace . A closed densely defined operator a
in H is said to be affiliated with # if u*au = a for all unitary operators u in the
commutant .#" of .#. If a is a densely defined self-adjoint operator on H, and
ifa = f_xx sde? is its spectral decomposition, then for any Borel subset B C R,
we denote by xp(a) the corresponding spectral projection ff; xg(s)del. A closed
densely defined operator ¢ on H affiliated with ./ is said to be T-measurable if there
exists a number s > 0 such that T (. (la])) < oo.

The set of all T-measurable operators will be denoted by .#. The set .# is a
x-algebra with respect to the strong sum, the strong product, and the adjoint operation
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[23]. For x € ], the generalized singular value function w(x) of x is defined by
te(x) =inf{s > 0: t(x4.00(lx])) <1}, forr>0.

The function ¢t — u,(x) from (0, t(1)) to [0, 0o) is right continuous, non-increasing
and is the inverse of the distribution function A(x), where A,(x) = t(x.«,(|x}])), for
s > 0. For some basic properties of p(.) and A(.), we refer to [12]; some additional
properties can be found in [8] and [10]. Using the generalized singular value function,
one can construct a non-commutative version of a given function space as follows.

DEFINITION 1. Let E be an order continuous rearrangement invariant (quasi-) Ba-
nach function space on (0, 7(I)). We define the symmetric space E(.#, t) of mea-
surable operators by setting:

E(M#,t)={xe M ux)eE} and
lxllecw.oy = le(x) e, forx € E(# . 7).

Itis well known that E(_#, t) is a Banach space (respectively, quasi-Banach space)
if E is a Banach space (respectively, quasi-Banach space), and thatif E = L7(0, t(])),
for0 < p < oo, then E(#, T) coincides with the usual non-commutative L”-space
associated with (., 7). Werefer to [4, 8] and {28] for more detailed discussions about
these spaces. For simplicity we will always assume that the trace 7 is normalized.
The next definition isolates the main topic of this paper.

DEFINITION 2. Let H™ be a weak*closed unital subalgebra of .# and let ® be a
faithful, normal expectation from .# onto the diagonal D = H> N (H>)*, where
(H*)* = {x*, x € H*}. Then H* is called a finite, maximal, subdiagonal algebra
in .4 with respect to ® and 7 if:

(1) H>™ + (H*)* is weak*dense in .4 ;

2) ®(ab) = d(a)dB) foralla, b e H™;

(3) H* is maximal among those subalgebras satisfying (1) and (2);

4 tod=r1.

For 0 < p < 00, the closure of H* in L?(.#, t) is denoted by H”(.# , T) (or
simply H?) and is called the Hardy space associated with the subdiagonal algebra
H®. Similarly, the closure of H{® = {x € H*; ®(x) = 0} is denoted by H;. These
non-commutative Hardy spaces were first considered by Arverson [1] and have been
studied by several authors.

Note that the conditional expectation & extends to L%(.#, 1) and this extension is
an orthogonal projection from L?(.#, t) onto [D],, the closure of D in L*(#, 7).
Similarly, since ||®(x)||, < |lx||; for every x € .#, the operator ® extends uniquely

to a projection of norm one from L'(.#, 7) onto [ D},, the closure of D in L' (., 7).
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Let & = H* + (H™)*. Since & is weak*dense in ., it is norm dense in
L7(A. 1), where 1 < p < 0.

Note that H™ and (H;*)* are orthogonal in L*(.# . t). This fact implies that
L*(#.1) = H>® (H)". and hence that L’ (4, t) = Hj & (Hy)* @ [D]..

Leta € &/. Then a can be written as a, + a5 + d where a, and a, belong to H*
andd € D. Infact,a = b, + b5 with b, b, € H* and setd = ®(b;) + (b)) € D
anda;, = b; — ©(b;), fori =1, 2.

Since H;* and (H;*)* are orthogonal subsets of L*(.#, t), this decomposition is
unique.

DEFINITION 3. For u = 1, + u% 4+ d in &/ , we define the conjugate of u by setting
u=iut—iu,.

[t is clear that for every 1 € o7, the operatoriz € .# and u +iu =2u, +d € H™.
The Hilbert transform (conjugation operator} ¢ can now be defined as a map on &/
as follows: J¥ : & — .# (u — 5 (u) = ). For more general setting of conjugate
operators and Hilbert transform, we refer to [30]. It should be noted that if .# is
commutative, then the above definition coincides with the definition of conjugate
functions for weak*Dirichlet algebras studied in [15].

REMARKS 1. (i) If « = u*, then the uniqueness of the decomposition implies
that u, = u> and d = d*. Therefore if u = u* then u = u*.

(i) Foru =u, +ul+d € o and u = i(u5 — u,), the above observation implies
that u3 L u, in L*(4, 7). s0

lals = lus —will3 = 1wl + s

and since L*(#. 1) = H; ® (H3)* ® [D], we get,
laell3 = Haarll3 + N3 13 + 113,
which implies that |ji|j, < |lull,

As a consequence of (ii). it is clear that .7 can be extended as a bounded map of
norm one on L>(.#, ). In fact the following more general result can be deduced
from [30]:

THEOREM 1. Foreach | < p < 00, there is a unique continuous linear extension of
J (which is also denoted by 7€) from LY (A , T) into L? (L , T) with the property that
f+if eHforall f € L"(#.1). Moreover there is a constant C, =8max(p.q)
such that

||f||,, <C,fll, forall felL’ (A .t)and1/p+1/g=1.
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We present a short discussion on how the constant C,, is obtained. For k € N and
p = 2k, the above theorem can be easily obtained from [30, Lemma 4.1] replacing
L*(p)Y" (E/(—E)) by H*: all the assumptions on [30] would be satisfied by our
setting.

Let f = f"e & fromRemarks |, f =u+u*+d =(u+d/2)+ (u+d/2)
for some u € H;* and d € D so from {30, Lemma 4.1], we get

Il = Nl — u*ls < 4| fllx%.

So for f € & (not necessarily self-adjoint),

I Fll < 8KILF 1ok

Since & is dense in L*(.#, t), the inequality above shows that .7 can be extended
as a bounded linear operator from L* (. 1) into L*(_.# . 7) with ||5#|] < 8k: so the
theorem is proved for p even.

For the general case, let 2 < p < o0o. Choose an integer & such that 2k < p <
2k + 2. By [9, Theorem 2.3], L”(.#, t) can be realized as a complex interpolation
of the pair of Banach spaces (L*(.#, 1), L***(.# . 7)). and we conclude that J# is
also bounded from L”(.#, 7) into L7 (.# . 7) with ||5#|| < (8k)" (8k + 8)'~* for some
0 < 6 < 1. Therefore |77| < (8k + 8) < 8p. So the theorem is verified for 2 < p.

For 1 < p < 2, fromthe above case, % is bounded from LY(.#, t) into LY(# . 1),
where 1/p 4+ 1/qg = 1, and as in the commutative case. (J¥)* = — and hence
7€ < 8q. In fact, let u and v be self-adjoint elements of &; we have

O(u+1my(v+i0) =Pu+in)d(v+it) = d(u)dP(v).
which implies that
S(uv + iuv +iav —uv) = d(uv — uv) +idwv +uv) = du)d(w).
)
t(uv —av) +itwv + av) = 1(P(u)d(v)).

Since ® (1) and ®(v) are self-adjoint, 7(P(u)P(v)) € R. and also 7(uv — uv) and
T(uv + uv) € R. This implies 7(uv + av) = 0 and 7 (u?) = —t(dv). O

REMARKS 2. (i) The above theorem yields that, as in [15, Corollary 2h], there
exists a constant M such that if | < p < coand 1/p + 1/g = 1, then ufl, <
Mpqllul, forallu € L' (A, 7).

(i1) After this paper was written, we also learned that Marsalli and West [21,
Theorem 5.5] also considered the Riesz projection for the setting of this paper and
provided a direct proof for the above theorem.
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We finish this section by collecting a few lemmas that are necessary for the proof
of our main result. The first lemma is just a notational adjustment of [15, Theorem 3a]
so we will not present its proof.

LEMMA 1. Foru € #. let f = u+iuand 0 < ¢ < 1. The formal series
@(t) =Y t*e" f/k! is absolutely convergent in H' for every t < 1/eM,|ul
where My = 2M + 2 and M is the constant from Remarks 1 (1) above.

LEMMA 2. Foru e . #.u >0, let f =u+iuand0 < e < 1. Then I + ¢f has
bounded inverse with ||(I +ef)7'|| < land f. = (el + fYI +ef)"' € H*,

PROOF. Note that f is densely defined and that, for every x € D(f),
(I +ef)x, x) = +eu)x, x) +i{ux, x).

Thus [((/ +&f)x. x)| > ||x||*, which implies [|[(/ +ef)x|| > |lx|| forall x € D(f).
So I + ¢f has bounded inverse with ||( +&f)7"|| < L.

For the second part, note first that £, is bounded. Infact, f, = e(I +¢f)~'+ f(I +
efy hibut! = U+efyI+ef) ' =U+ef)y ' +ef(U+ef) and (I +ef)! € A,
so the operator ef (I +¢f) ' is bounded, implying f (I +¢f)~" is bounded. To prove
that f, € H>, it suffices to show that (I +¢f)~' ¢ H>,

Set A = —ef. There exists a (unique) semi-group of contractions (7;),., such that
A is the infinitesimal generator of (7)., (see for instance [29, p. 246-249]). It is
well known that

(I —A)'x :/ e 'Txdt forallx ¢ H and

0

T.x = limexp(tA(l —n'A)"')x forallx € H.

n—"C

Itis claimed that 7, € H™ forevery t > 0.

Since (T;),.¢ 1s a semi-group and H™ is a subalgebra, it is enough to verify this
claim for small values of 7. Assume that 2r < 1/eM,|ju||. Let ¢(r) be the operator in
H' defined in Lemma 1. We will show that T, = ¢(¢). Using the series expansion of
the exponential and Lemma 1, we get

t* : :
lexp (tAU —n~'A) ") =l <Y ol (Ad - n'a)) - Ak,

k>0

@k,
=D =g il < oo

=0
Fix k > O and set foreveryn > 1, J, = (I —n~'A)7".

(AT =AY = AR — AR < 1AM, — T
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Since J,x —x = n~'J,Ax forevery x € D(A) (see for instance [29, p. 246]), one can
conclude that || J, — 11|, converges to zero. Similarily, ||(J,)* — 1|, converges to zero
which implies that Tim (*/k!)|| (A(I — n='A)=")" — A%/, = 0 s0 by the estimate on

the series above,
lim |lexp (tA(J —n™'A)™") — ()], =0

which shows that T, = ¢(t) € H' and since T, is bounded. the claim follows.
We conclude the proof by noticing that 1 — 7, is a continuous function in H'
which shows that (] — A)™' € H'. O

LEMMA 3. (1) D(f.) = P(u),.

(2) Re(f)=¢el.

3) Re(I + (f. —sD(f. +s)~") > 0foreverys > 0.
@) lim_ollf.— fl,=0 1< p < o0,

PROOF. (1) f. € H* and f.(I + ef) = el + f € H*, so ®(f)P( + &f) =
P(cl + f). But &(f) = ®(u),sowe get O(f) +ed(u)) = el + d(u).
(2) From the definition of f,,
Re(f.) =Re (eI + ) +ef)")
=Re([(el +&2f) + (L —eHNIU +ef)™)
=el+(—e)Re(fU +ef)").

Since we assume that ¢ < 1, it is enough to show that Re (f (I +¢&f)"") > 0.

Re (f(I+¢f)")
=L(fU+efH) " +U+ef7' f)
=1 +ef U +eff+ fU+efNU+ef)
=1 +ef")" 2Re(f) +2e|f) U +ef)
> 0.

(3) As above,

Re(I + (fe —sD(f. +sD7")
=1+ % ((fs —sD(fe+sD™" +(fr+sDH'(fr —s]))
=1+ 3 +sD((f +sD(fe =D
+(fF=sD(f: +sD)(fe +sD)7
=TI+ +sD (1L =) (fe+sD)7
= (f +sDT (P HsDU+sD+ 1 fP =2 (f+sD)7
=22 +sD7 ' (I +sRe f£)(fi +sD7".
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and the claim follows from the fact that Re ( f,) > &1.
(4) We have for every ¢ > 0,

fi—f=E€l+NHU+ef) ' = f
= (el + f)— fU+ef)T+ef)™"
=e(I + fHU +ef)!,

SO
/’Lr(fs - f) << E,U.,(I + fz),u-r((l + 8f)_l)~

Since (I +&f)™"|| < 1, we get u ((I +&f)7!) < 1 for every t > 0. Also
I+ fPelr(#, t)forevery p> 1,s0llfe — fll, <ell + 2|, > 0(ase — 0).
The proof is complete. g

LEMMA 4. Let a and b be operators in M witha > 0, b > 0, and let P be a
projection that commutes with a. Then t(ab) > t(P(ab)P).

PROOE. To see this, notice that, since P commutes with a, PaP < a, so b'’?PaP
b'? < b'ab'?, implying that (b2 PaPb'’*) < t(b'*ab'/*) and

T(P(ab)P) = t(P(ab))
= t(PaPb) = t(b'*PaPb'?)
< 1 (b'*ab'?) = t(ab).

The lemma is proved. O
LEMMA 5. Let S be a positive operator that commutes with | f.| then
T(SRe (f) < t(SIfD.
PROOF. Let § > 0 and assume that S| f,| = | f;|S. we have

T(SRe(£) = T(S(f + £7)/2)
= L (S£) + TS
HOA]

IA

Let f, = ulf.} be the polar decomposition of f.. Since S commutes with |f.],
we get [T(Sf)| = |t(ulf.|S)] = |tS"?|£1S"?)| < t(S|f.|). Thus the proof is
complete. n
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LEMMA 6. Let A and B be positive operators in # such that:

(i) A~ '"and B existsin A ;
(i) t(CA) < t(CB) for every C that commutes with B;

then for every C that commutes with B, T(CB™') < t(CA™")

PROOF. Observe that 7(CB~') = t(aB), where « = C'*B~'A"Y? and B =
A~Y2C'?. By Hélder’s inequality,

(CB™) < t(ja) (1B = 1@ ) ? t(B"B) * = t(aa”) *r (7 B)"?
— T(CI/ZB—IAI/ZAI/ZB—lcl/Z)l/ZT(Cl/2A>] 2A~1/2cl/2)l/2
— r(Cl/ZB‘IAB—Icl/Z)l/ZT(CA—I)I/Z

=t(B7'CB At (CA™H',

Since C commutes with B, the operator B~'CB~' commutes with B so we get by
assumption that 7(B~'CB~!(A)) < t1(B~'CB~'(B)), and therefore

(CB™Y) < t(CB HY"r(CA™H'?

which shows that T (CB~') < t(CA™"). The proof of the lemma is complete. O

3. Non-commutative variant of Kolmogorov Theorem

In this section, our main goal is to present the proof of the inequality that will lead
us to the Kolmogorov Theorem, that is the Hilbert transform for the case p = 1.

THEOREM 2. Letu € .# withu > 0, and set f = u + iu. Then for everv s > 0,

(X (1)) < 4”i¢.

PROOF. Our proof follows the presentation of Helson in [14] for the commutative
case.

Let u and f be as in the statement of the Theorem 2, and fix 0 < ¢ < 1. Set
f. as in Lemma 2. For s € (0, oc) fixed, consider the following transformation on
{z:Re(z) = 0):

A =142

—~  forallz € {w: Re (w) > 0}.
Z+s
It can be checked that the part of the plane {z : |z| = s} is mapped to the half disk
{w : Re(w) > 1}; this fact is very crucial in the argument of [14] for the commutative
case.
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Note that o ( f,) is a compact subset of {z : Re (z) > ¢}. By the analytic functional
calculus for Banach algebras,

A(f) =T+ (fe —sD)Xfo+sD)' e H®
and therefore (since A, is analytic)
(3.1) DA (fe)) = A(P(f.) = A, (P (u).).

Note that since ®(u) is self-adjoint, so are ®(u), and A,(P(u).). We conclude
from (3.1) that 7 (1 + (®(u), — sI)(®(u). + sI)~') € R, and therefore

(32) T (Re(l + (fF - s’)(fs‘ +SI)_I)) == I(Av((b(u)e))

Set P = x.~){|fe]). The projection P commutes with | f,| and we have

Re[l+(fi —sD(f, +sD' | = (f7+sD7 [21 £+ 2sRe (f)] (f. +sD7
but since Re (f.) > ¢l > 0, we get
21f:1* + 2sRe (fo) > 2| £.[%.
and hence
(33) t[ReU +(fi—sD(fi+sDD] =21 +sD(fF+sD7'].
Applying Lemma 4 for a = 2|f,| and b = (f, + sI)~'(f* + s1)~', we obtain
(34) t[ReU +(f. —sD(f, +sD))] = tRPILI(fe +sD7(fr+sD7').

Note that (f, + sD7'(f +sD™' = (| f.]* + 2sRe (f,) + 521)71‘
Set

A= (ff +sD(fe +sD) = £ + 25Re (f,) +5°1,
B = |fI’ +2s|f| + 1.

It follows from Lemma 5 that if C is a positive operator that commutes with B then
t(CA) < t(CB).

Applying Lemma 6 to A, B and C = 2P| f,|* (since P commutes with | f;|, the
operator C commutes with B), we obtain from (3.4) that

t[Re(J + (f =sD)(fe +sD7H)] = (CA™") > 7(CB™")
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and hence
(3.5 t[Re( + (f, —sD(fe +sD] =t 2PILFU L +5s1fl +52D7'].

If we denote by E'/! the spectral decomposition of | f, |, then

x 212
2P| fol? + 25| fol + 52D =/ 5o dE
[fel” (1 fel” + 28 fel +5°1) o P25t 452 T

Let

22
() = —————  fort € [s, 00).
¥s(0) 12+ 25t 4+ 52 ort € [s. 00)

One can show that ¥ is increasing on [s, o0) so ¥,(t) > ¥, (s) = % fort > s, and

therefore

/:x: 2,2
—————dE/' > 1P,
. P4 2sr 452 0 T2
so we deduce from (3.5) that
[Re( + (f. —sD(fe +sD7N] = Lr(P).
To finish the proof, recall from (3.2) that
T[Re(I + (fe —sD(fe +sD)7)] =t [I + (@), —sI) (@), +s)7'],

SO

T(P) <2t [I + (@), — sI(Pw), +sD)7') =2t [20u) (D), +s1)7'].
But (®(u), +sI1)™' = s~ (2% + 7)~! has norm < 1/s. hence

r(P)S4IIuFH|‘
s

Now taking ¢ — 0, we get from Lemma 3 (6) that ||u.||, — {u«| and || f; — fl
converges to zero. In particular, ( f,) converges to f in measure. We obtain from [12,
Lemma 3.4] that u,(f) < liminf u,(f.,) for eacht > 0 and ¢, — 0. This implies

that for every s > 0 and every f > 0, X(.oc) (14,(f)) < liminf x(,.) (11, (f:,)). Hence
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by Fatou’s lemma,

1
r(Xu.x;(‘fD) :‘/ Xis.xc) (“I(‘f‘)) dt
0

1
< 11m1nf[ Xis.x) (u—:(lfs,,l)) dt

H— X 0
= lllmlogf T(X(s.cc)(lfs,, I))
< limsup(4|lu,, ||:/s)-

H—>2C

Hence 7(x(. (1 f1)) < 4jull;/s. The proof is complete. o

As in the commutative case, Theorem 2 is used to extend the Hilbert transform to
L'(#. 7). Recallthat L'~ (&, 1) = {a € A ; sup,_tu,(a) < oo}.

Set ||all;~ = sup,_yiu,(a) fora € L"*(.#, 7). As in the commutative case,
Il.Il.~ is equivalent to a quasinorm in L'->*(.#, 1), so there is a fixed constant C such
that, foreverya, b € L'™(.#. 1), we have la + bl < C(lall1.~ + 18] 1.)-

Foru € A ,Yet Tu = u +iu. The map 7 is linear and Theorem 2 can be restated
as follows:

Forany u € .# withu > 0, we have Tull; . < 4}jull,.
This implies that for u > 0.
i~ < C4 4+ Dlully = 5C||ull;.
Now suppose thatu € .# . u =u*,u =u, —u_andu =u, —u_. Then
I~ < COlylhse + NIl ) < 5C3ulh.
Similir\l)-/,/if weieggire only u € ./, we have u = Re (1) + i Im (u) and by linearity,
u = Re(u) + i Im(u), and as above,

il ~ < 10C3||'4|11-

We are now ready to define the extension ¢ in L'(#,1). If u € L'(A, 1), let
(1, )nen be a sequence in . # such that |4 — u, ||, — Oasn — oco. Then

~ ~ 3
““n — Unp “Lx =< IOC “Ll,, — Uy “h

and since {|u, —u,, ||, = Oasn, m — oo, the sequence (i, ), convergesin L' (4, 1)
to an operator &. This defines i for u € L'(.#, t). This definition can be easily
checked to be independent of the sequence (i&,), and agree with the conjugation
operator defined for p > 1.

Letting n — oo in the inequality ||, |l; « < 10C*|ju,|l,, we obtain the following
theorem (H'-* denotes the closure of H> in L'>(.#, 7)):

https://doi.org/10.1017/51446788700035953 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700035953

400 Narcisse Randrianantoanina [13]

THEOREM 3. There is a unique extension of F from L' (A, v)into L' (H#.7)
with the following property: u + it € H"™ for all u € L'(.#.7), and there is a
constant K such that |||, ~ < K|u|l, forallu € L'(.# . ).

COROLLARY |. Forany p withQ < p < 1 there exists u constant K, such that

lall, < K, \ull, forallu € L'(.# . 1).

PROOF. It is enough to show that such a constant exists for u € .#, u > 0. Recall
that for u € ./, the distribution A,(u) equals T {x.~,(u)).
Let F(s) =1 — A (u) = t(x0.(u)). Assume that ||u|, < |. From Theorem 2,

4 4
I —F(s) < —lully < -
] 5 s

Note that F' is a non-increasing right continuous function and for p > 0,

1 x ~x
T(|a]”) =/ w,(ul)rde =/ s"dF(s) <1 +f s"dF(s).
0 0 1

If A is a point of continuity for F(A > 1), then
4 A
/ SI’dF(s) — [SI)(F(S) _ 1)]/]4 + pf (l _ F(S))S[Ivlds'
! |

Since 1 — F(s) < 4/s, we get that both [s”(F (s) — 1)]# and f]A(l — F(s))s" 'ds are
bounded for 0 < p < 1, that is, fol w,(Jul)?dt has bound independent of u. O

The Riesz projection % can now be defined as in the commutative case: for every
ael(A, ), (1 <p<=<o0),

F(a) = 1(a +ia + P(a)).

From Theorem 1, one can easily verify that % is a bounded projection from
L?(,t)onto H” for 1 < p < oc. In particular H” is a complemented subspace of
Lr(#, 7).

For p = 1, Theorem 3 shows that # is bounded from L'(.# . t) into H"™>.

Our next result gives a sufficient condition on an operatora € L'(.#. 7) so that its
conjugate a belongs to L'(.#, 7).

THEOREM 4. There exists a constant K such that for every positive a € 4,

lall, < Kt(alog©a) + K.

https://doi.org/10.1017/51446788700035953 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700035953

[14] Hilbert transform for finite algebras

401

PROOF. Let C be the absolute constant such that (lajl, < Cpqlla|, for all a €
L'(.#.1).1 < p<ocandl/p+ 1/q = 1. The conclusion of the theorem can be
deduced as a straightforward adjustment of the commutative case in [31, p. 119]; we

will present it here for completeness.

Leta € .#; we will assume first that @ > 0. Let (¢,), be the spectral decomposition
of a. Foreach k € N. let P, = x;» 1 x,(a) be the spectral projection relative to
[24=1.2%). Define @y = aP, fork > 1 and @y = axp.(a). Clearlya = > |
in L"(.#.1) forevery | < p < oc. By linearity, @ = >, a;. Forevery k € N,
Il < llall, < Cp*(p — D7 Nagll,. Since a; < 28 P, we getfor 1 < p < 2,

- | : 1
lagll) < 4C——=2"1(P)7.
p—1
Ifwesetp=14+1/(k+1)and ¢ = 1(P;), we have
Il < 4C Kk + 1)2%¢= .

Taking the summation over &,
lalli < D 4CHk+ D2
k=0

We note as in [31]) that if J = {k € N; ¢, < 37%} then

Y 4Ck+ 12T
kel k=0

A-t

On the other hand. fork € N\ J, €/~ < ¢ 3™ < Be; where g = sup, 3

get

lall, <o +4CBY (k+ 1)2'e

k=0

< a +4CB(ey + de) +4CB Y (k + 1)2'e,.

k>2

Since fork = 2,k + 1 < 3(k — 1), we get
lafl < o+ 16CB +24CB Y (k — 12 e,
k>2
To complete the proof, notice that for k > 2,

(k— 12 'e, = / (k — D2V dr(e,)

A

* tlogt
< dt(e,).
- \/_;» lng T(e)
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Hence by setting K = max{a + 16C8, 24CB/ log 2}, we get:
lall < K + Kt (alog™(a)).

The proof is complete. .

4. Concluding remarks

From Theorem 4, one can deduce that if @ € L'(.#. 1) is such that ¢ > 0 and
alog”(a) belongsto L'(.# . t)thena € L'(.#, t). It is natural to try to characterize
the operators u € L'(.#, 1) for which & € L'(.#.t). For the classical Hardy
spaces on T and R", a complete characterization was obtained by Davis in [5] using
signed decreasing functions. Later, Davis’s result was generalized by Lancien for
weak*-Dirichlet algebras (see [18]) so the following question seems to be of interest:

PROBLEM 1. Is it possible to characterize all operators with conjugate in L' (.# . 7)?

Let us finish with the following open question that arises from the classical case and
the topic of this paper: it is a well-known result of Bourgain [3] that L'(T)/HY(T)
is of cotype 2 and later Lancien [17] proved that a similar result holds for L'/H'
associated with weak*-Dirichlet algebras.

PROBLEM 2. Is L' (.#, t)/H'(.# , ©) of cotype 2? (or merely of finite cotype?)

1t should be noted that the theory of conjugate functions and the boundedness of the
Riesz projection were very crucial in the proof given by Bourgain [3] for the classical
case and Lancien [17] for the setting of weak*-Dirichlet algebras.
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